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STÉPHANE DRUEL

Abstract. We study transversely projectively flat regular foliations on compact Kähler manifolds.
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1. Introduction

Let X be a compact Kähler manifold with flat tangent bundle. As a classical consequence of the existence of
a Kähler-Einstein metric on X, proved independently by Aubin ([Aub76]) and Yau ([Yau77]), X is then a finite
étale quotient of a complex torus (see [Kob87, Chapter IV Corollary 4.15]).

In this article, we partially extend the above result to transversely projectively flat regular foliations. We
refer to Section 4 for this notion. In a nutshell, a regular foliation F on X is transversely flat (resp. transversely
projectively flat) if the tangent bundle of the space of leaves of F is flat (resp. projectively flat). The simplest
examples are linear foliations on complex tori, and foliations on compact Kähler manifolds defined by pointwise
linearly independent holomorphic 1-forms with values in flat line bundles. Also, the pull-back of a transversely
projectively flat foliation via a submersion is transversely projectively flat as well.

First, we address transversely projectively flat foliations with compact leaves.

Theorem 1.1. Let X be a compact Kähler manifold, and let F be regular foliation of codimension at least 2
on X. Suppose that F is transversely projectively flat with compact leaves. Then there exist a complex torus T
and a smooth morphism f : Y → T as well as a finite étale cover γ : Y → X such that γ−1F is induced by f .

The proof of Theorem 1.1 above makes use of the following characterization of torus quotients. Theorem 1.2
below extends [CGGN22, Theorem D] to projectively flat compact Kähler varieties.

Theorem 1.2. Let X be a compact Kähler variety of dimension at least 2 with klt singularities. Suppose that
Treg is projectively flat. Then there exists a complex torus T , and a quasi-étale cover T → X.

Finally, we describe the structure of transversely projectively flat foliations of dimension 1 on complex
projective manifold.

Theorem 1.3. Let F be regular foliation of dimension 1 and codimension at least 2 on a complex projective
manifold X. Suppose that F is transversely projectively flat. Then one of the following holds.

(1) The foliation F is induced by a P1-bundle structure f : X → Y onto a finite étale quotient of an abelian
variety.

(2) There exists an abelian variety A as well as a finite étale morphism γ : A → X such that γ−1F is a
linear foliation.
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(3) There exist a smooth projective curve C and an abelian variety B as well as a finite étale mrophism
γ : C × B → X such that γ−1F induces a flat Ehresmann connection on the projection morphism
prC : C ×B → C.

Note that flat vector bundles are projectively flat with vanishing Chern classes but the converse statement
does not hold in general. As an intermediate step, we obtain the following result.

Theorem 1.4. Let X be a complex manifold, and let F be regular foliation of codimension q ⩾ 2 with normal
bundle N . If F is transversely projectively flat, then N admits a connection. In particular, we have ci(N ) =
0 ∈ Hi(X,Ωi

X) for any index i ⩾ 1.

Remark 1.5. In [JR13], Jahnke and Radloff proved that finite étale quotients of abelian varieties are the only
complex projective manifolds with numerically projectively flat tangent bundle. Greb, Kebekus, and Peternell
then generalised the theorem of Jahnke and Radloff to projective varieties with klt singularities in [GKP21].
Theorem 1.4 makes it possible to considerably simplify the proof of the results mentioned above.

Acknowledgements. The author would like to thank Jorge V. Pereira for very helpful discussions.

2. Notation, conventions and standard facts

2.1. Global conventions. Throughout the paper, all varieties are assumed to be defined over the field of complex
numbers. We will freely switch between the algebraic and analytic context.

2.2. Foliations. Let X be a complex manifold. By a regular foliation F of dimension p on X, we mean an
involutive subbundle TF ⊆ TX of rank p. Its codimension is q := dimX − p. We will refer to TF as the tangent
bundle of F . The normal bundle of F is NF := TX/TF ; by definition, it is a vector bundle of rank q.

A leaf of F is a maximal connected and immersed holomorphic submanifold L ⊆ X such that TL = TF |L.
The q-th wedge product of the inclusion N ∨ ⊆ Ω1

X gives rise to a nowhere vanishing global section ω ∈
H0(X,Ωq

X ⊗ detN ). Moreover, ω is locally decomposable and integrable. To say that ω is locally decomposable
means that, in a neighborhood of every point of X, ω decomposes as the wedge product of q local 1-forms
ω = ω1 ∧ · · · ∧ ωq. To say that it is integrable means that for this local decomposition one has dωi ∧ ω = 0 for
every i ∈ {1, . . . , q}. The integrability condition for ω is equivalent to the condition that TF is closed under
the Lie bracket. Conversely, let L be a line bundle on X, and let ω ∈ H0(X,Ωq

X ⊗L ) be a nowhere vanishing
global section. Suppose that ω is locally decomposable and integrable. Then the kernel of the morphism
TX → Ωq−1

X ⊗ L given by the contraction with ω defines a regular foliation of codimension q on X. These
constructions are inverse of each other.

Let f : X → Y be a submersion between complex manifolds, and let F be a regular foliation of codimension
q on Y . The pull-back f−1F of F via f is the regular foliation of codimension q on X whose tangent bundle is
Tf−1F := df−1(TF ). As a consequence, we have Nf−1F ∼= f∗NF .

Let f : X → Y be a surjective submersion between complex manifolds, and let F be a foliation of dimension
p on X. We say that F is projectable under f if, for each point y ∈ Y , dfx(TF,x) is independent of the choice
of x ∈ f−1(y) and dimdfx(TF,x) = p. Then F induces a regular foliation G of dimension p on Y such that
TF ∼= f∗TG (see [Dru17, Paragraph 2.7]).

2.3. Connections. Let X be a complex manifold, and let E be a vector bundle on X, i.e. a locally a free
OX -module of finite rank. Let r be the rank of E .

A connection ∇ on E is a morphism of abelian sheaves

∇ : E → Ω1
X ⊗ E

satisfying

∇(fe) = f∇(e) + df ⊗ e

for any local sections f of OX and e of E over some open subset of X. The curvature of ∇ is the OX -linear map

K(∇) := ∇1 ◦ ∇ : E → Ω2
X ⊗ E

of OX -modules, where ∇i denotes the extension of ∇ to a morphism of abelian sheaves Ωi
X ⊗ E → Ωi+1

X ⊗ E
given by

∇i(α⊗ e) = dα⊗ e+ (−1)iα ∧∇(e)
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for any local sections α of Ωi
X and e of E over some open subset of X. The connection is said to be flat if

K(∇) = 0.

We say that E is flat if E admits a flat connection.

Fact 2.1. The vector bundle E is flat if and only if V(E ∨) := SpecXS•(E ∨) comes from a representation
π1(X) → GL(r,C).

Fact 2.2 ([Kob87, Proposition II.3.1(a)]). If E is flat, then ci(E ) = 0 for any index i ⩾ 1.

We shall now briefly recall some basic operations on pairs (E ,∇) consisting of a vector bundle E on X and
a connection ∇ on E .

Given connections induce new connections on associated vector bundles. The direct sum and tensor product
of any two vector bundles equipped with connections (resp. flat connections) have natural connections (resp.
flat connections). Also, the dual and the exterior powers of a vector bundle with a connection are equipped
with natural connections (resp. flat connections) as well.

Let f : X → Y be a holomorphic map between complex manifolds, and let E be a vector bundle on Y with
a connection ∇. Let η : f∗Ω1

Y → Ω1
X be the canonical morphism. The map

f∗∇ : f∗E = OX ⊗f−1OY
f−1E → Ω1

X ⊗ f∗E

defined by

(f∗∇)(h⊗ f−1e) = h((η ⊗ id)(f∗(∇(e)))) + dh⊗ f−1e

for any local section e of E over some open subset U of Y and any holomorphic function h on some open subset
V of X such that f(V ) ⊆ U is well-defined and induces a connection f∗∇ on f∗E . If ∇ is flat, then f∗∇ is flat
as well.

2.4. Projective connections. A central notion of this article is that of a flat projective connection in the sense of
Beilinson and Kazhdan.

Let X be a complex manifold, and let E be a vector bundle of rank r on X. Let D1(E ) ⊂ EndCX
(E ) be the

sheaf of differential operators ∆: E → E of degree at most 1 with scalar symbol σ(∆). A connection ∇ on E
can alternatively be defined as an OX -linear map

∇ : TX −→ EndCX
(E )

satisfying the Leibnitz rule

∇(v)(fe) = f∇(v)(e) + v(f)e

for any local sections v of TX , f of OX and e of E over some open subset of X. In other words, a connection
on E is simply a splitting of the Atiyah exact sequence

0 → EndOX
(E ) D1(E ) TX 0.σ

∇

Moreover, the connection ∇ is flat if and only if the map TX → EndCX
(E ) is a morphism of Lie algebras.

A projective connection □ on E is a splitting of the push-out

0 → EndOX
(E )/OX id D1(E )/OX id TX 0

σ

□

of the Atiyah exact sequence by EndOX
(E ) → EndOX

(E )/OX id. The connection is said to be flat if the map
TX → EndC(E )/OX id is a morphism of Lie algebras.

A projective connection on E is uniquely determined by the data of an open covering (Ui)i∈I of X and
connections □i on E |Ui such that □i = □j + αij ⊗ id for some holomorphic 1-form αij on Ui ∩ Uj .

Suppose that the connection □ is flat. Then K(□i) = βi ⊗ id for some holomorphic 2-form βi on Ui, so that
tr(K(□i)) = rβi. The holomorphic 2-form tr(K(□i)) is the curvature of the connection on detE |Ui induced by
□i, and hence it is a closed 2-form. Shrinking Ui if necessary, we may therefore assume without loss of generality
that tr(K(□i)) = dαi for some holomorphic 1-form αi on Ui. Then

K

(
□i −

1

r
αi ⊗ id

)
= K(□i)−

1

r
dαi ⊗ id +

1

r2
(αi ∧ αi)⊗ id = 0.
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This shows that a flat projective connection on E is uniquely determined by the data of flat connections □i on
E |Ui

on an open covering (Ui)i∈I of X such that □i = □j +αij ⊗ id for some closed holomorphic 1-form αij on
Ui ∩ Uj .

We say that E is projectively flat if E admits a flat projective connection.

Fact 2.3 ([Kob87, Corollary I.2.7]). The vector bundle E is projectively flat if and only if the projective space
bundle P(E ) := ProjX(S•E ) comes from a representation π1(X) → PGL(r,C).

Fact 2.4 ([Kob87, Proposition II.3.1(b)]). If E is projectively flat, then ci(E ) = 1
ri

(
r
i

)
c1(E )i for any integer

i ⩾ 1.

Lemma 2.5. The vector bundle E is projectively flat if and only if there exists a covering (Ui)i∈I of X by
analytically open sets as well as frames (ei1, . . . , e

i
r) of E over Ui satisfying the following condition. There exist

locally constant matricesMij ∈ GL(r,OX(Ui)) as well as nowhere vanishing holomorphic functions fij on Ui∩Uj

such that
ei = fijMij · ej

on Ui ∩ Uj, where

ei =

e
i
1
...
eir

 .

Proof. Suppose first that E is projectively flat, and let □ be a projective connection on E . Let (Ui)i∈I be a
covering of X by analytically open sets, and let □i be a flat connection on E |Ui

lifting □|Ui
. Shrinking the Ui,

if necessary, we may assume that there exist frames (ei1, . . . , e
i
r) of E over Ui such that □i(ei) = 0, where

ei =

e
i
1
...
eir

 .

Let αij be closed holomorphic 1-forms on Ui ∩ Uj such that □i = □j + αij ⊗ id. Shrinking the Ui further, we
may assume that αij = dgij for some holomorphic function gij on Ui ∩ Uj . Let Nij ∈ GL(r,OX(Ui)) be the
transition matrix, so that ei = Nij · ej . We have

0 = □i(ei) = □i(Nij · ej) = Nij ·□i(ej) + dNij ⊗ ej

= αij ⊗ ei + dNij ·N−1
ij ⊗ ei = dgij ⊗ ei + dNij ·N−1

ij ⊗ ei.

This easily implies that Nij = exp(−gij)Mij for some locally constant matrix Mij ∈ GL(r,OX(Ui)), so that
ei = fijMij · ej , where fij = exp(−gij).

Conversely, let (Ui)i∈I be a covering of X by analytically open sets and let (ei1, . . . , e
i
r) be frames of E over

Ui as in the statement of the lemma. Let □i be the flat connection on E |Ui
such that □i(ei) = 0. Then we have

□i = □j − dfij ⊗ id on Ui ∩ Uj , and hence the □i define a projective connection □ on E . □

Let f : X → Y be a holomorphic map between complex manifolds, and let E be a vector bundle on Y with
a projective connection □ given by an open covering (Ui)i∈I of X and connections □i on E |Ui

as above. The
connections f |∗f−1(Ui)

□i on f
∗E |f−1(Ui) then define a projective connection f∗□ on f∗E . If □ is flat, then so is

f∗□.

Any flat vector bundle is projectively flat with vanishing Chern classes, so a natural question is the following.

Question 2.6. When is it true that a projectively flat vector bundle E with c1(E ) = 0 on a compact complex
manifold is flat?

Numerically projectively flat vector bundles with vanishing first Chern class on complex projective manifolds
are automatically numerically flat and hence flat. (We refer to [Dru25] and the references therein for theses
notions.)

The following lemma provides a partial result regarding the question posed above.

Lemma 2.7. Let X be a complex projective manifold, and let E be a projectively flat vector bundle on X with
c1(E ) = 0. Then there exists a generically finite surjective morphism f : Y → X from a complex projective
manifold Y such that f∗E is flat.
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Proof. Let r be the rank of E , and let

ρ : π1(X) → PGL(r,C) = PSL(r,C)
be a representation that defines the projectively flat structure on E . By [LS18, Lemma 2.6], there exists a gener-
ically finite surjective morphism f : Y → X from a complex projective manifold Y such that the composition

π1(Y ) → π1(X) → PSL(r,C)
lifts to a representation

π1(Y ) → SL(r,C).
As a consequence, there exists a line bundle L on Y such that (f∗E )⊗L is a flat vector bundle. Now observe
that c1(L ) = 0. This is because Chern classes of flat vector bundles vanish by Fact 2.2 and c1(E ) = 0 by
assumption. This implies that L is flat, finishing the proof of the lemma. □

We will need the following auxiliary statement.

Lemma 2.8. Let X be a complex projective manifold, and let E be a projectively flat vector bundle on X with
c1(E ) = 0. Let A be a direct summand of E . Then c1(A ) = 0.

Proof. By Lemma 2.7, there exists a generically finite surjective morphism f : Y → X from a complex projective
manifold Y such that f∗E is flat. Let now C → Y be a smooth projective curve. A theorem of Weil ([Ati57,
Theorem 10]) asserts that a vector bundle on a smooth projective curve is flat is and only if any direct summand
has degree 0. This immediately implies that deg(A |C) = 0. The conclusion now follows from the projection
formula. □

Question 2.9. When is it true that a direct summand of a flat vector bundle on a complex manifold is flat?

A theorem of Weil states that the answer to Question 2.9 is yes if dimX = 1 (see [Ati57, Theorem 10]).

2.5. Ehresmann connections. Let f : X → Y be a surjective submersion between complex manifolds. An Ehres-
mann connection on f is a splitting of the exact sequence

0 → TX/Y → TX → f∗TY → 0.

The connection is said to be flat if the corresponding subbundle D ⊆ TX is involutive.

Suppose that the connection is flat, and let F be the induced (regular) foliation on X. If f is proper, then
such a connection has the path lifting property, i.e. given any point y ∈ Y , any path γ : [0, 1] → Y starting
at y(0) = y, and any point x lying in the fibre F = f−1(y) ⊆ X, there exists a unique path γ̃ : [0, 1] → X
that is contained in a leaf of F and starts at the point γ̃(0) = x. The monodromy representation at y is the
homomorphism

π1(Y, y) → Aut(F )

defined by declaring that a homotopy class [γ] ∈ π1(Y, y) acts on F by sending x ∈ F to γ̃−1(1) where γ̃−1

is the path lifting γ−1 with initial condition γ̃−1(0) = x. Lifting arbitrary paths in Y based at y then gives a
canonical isomorphism

(Ỹ × F )/π1(Y, y) ∼= X,

where Ỹ denotes the universal cover of Y based at y and π1(Y, y) acts diagonally on the product.

3. Vector bundles on foliated manifolds

3.1. Partial connections. Let F be a regular foliation on a complex manifold X, and let dF : Ω•
F → Ω•+1

F be the
exterior derivative along the leaves. Let E be a vector bundle. A F-connection (or a partial connection) ∇ on
E is a morphism of abelian sheaves

∇ : E → Ω1
F ⊗ E

satisfying
∇(fe) = f∇(e) + dFf ⊗ e

for any local sections f of OX and e of E over some open subset of X. The curvature of ∇ is the OX -linear map

K(∇) := ∇1 ◦ ∇ : E → Ω2
F ⊗ E

of OX -modules, where ∇i denotes the extension of ∇ to a morphism of abelian sheaves Ωi
F ⊗ E → Ωi+1

F ⊗ E
given by

∇i(α⊗ e) = dFα⊗ e+ (−1)iα ∧∇(e)
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for any local sections α of Ωi
X and e of E over some open subset of X. The connection is said to be flat if

K(∇) = 0.
A connection ∇ on E can alternatively be defined as an OX -linear map

∇ : TF −→ EndCX
(E )

satisfying the Leibnitz rule

∇(v)(fe) = f∇(v)(e) + v(f)e

for any local sections v of TF , f of OX and e of E over some open subset of X. The partial connection is flat if
and only if the map TF → EndCX

(E ) is a morphism of Lie algebras.

Given partial connections induce new partial connections on associated vector bundles (see 2.3).

Let f : (X,F) → (Y,G) be a morphism of foliated manifolds, i.e. the composition

f∗Ω1
Y −→ Ω1

X −→ Ω1
F

factors as

f∗Ω1
Y −→ f∗Ω1

G
η−→ Ω1

F ,

and let E be a vector bundle on Y with a G-connection ∇. The map

f∗∇ : f∗E = OX ⊗f−1OY
f−1E → Ω1

F ⊗ f∗E

defined by

(f∗∇)(h⊗ f−1e) = h((η ⊗ id)(f∗(∇(e)))) + dFh⊗ f−1e

for any local section e of E over some open subset U of Y and any holomorphic function h on some open subset
V of X such that f(V ) ⊆ U is well-defined and induces a F-connection f∗∇ on f∗E . If ∇ is flat, then f∗∇ is
flat as well.

Example 3.1. Let f : X → Y be a submersion of complex manifolds, and let F be the regular foliation on X
induced by f . If E is a vector bundle on Y , then f∗E admits a natural flat F-connection.

A vector bundle E with a flat partial connection ∇ is called a foliated vector bundle. A morphism between
two foliated vector bundles (E1,∇1) and (E2,∇2) is an OX -linear map φ : E1 → E2 such that

φ(∇1(v)(e)) = ∇2(v)(φ(e))

for any local sections v and e of TF and E over some open subset of X.

Remark 3.2. Let (E ,∇) be a foliated vector bundle on X, and let E := V(E ∨) with projection π : E → X. Let v
and ℓ be any local sections of TF and E ∨ over some open subset U of X. The map sending ℓ to vE(ℓ) := ∇∨(v)(ℓ)
extends to a derivation

vE : S•H0(U,E ∨|U ) → S•H0(U,E ∨|U )
by the Leibnitz rule, and gives a splitting of the exact sequence

0 → TE/X → TE → π∗TX → 0

over π∗TF . Let D ⊆ TX be the corresponding distribution. By construction, D is GL(E/X)-invariant, and
involutive. The induced foliation H on X then projects onto F . In particular, E is a foliated bundle in the
sense of Molino.

Conversely, if H a GL(E/X)-invariant foliation on E which projects on F , then H comes from a flat partial
connection on E .

Remark 3.3. We refer to [MM03] for a standard reference concerning Lie groupoids. Recall that the monodromy
groupoid G = (G,X, s, t, c) of F is the holomorphic Lie groupoid over X for which the morphisms between two
points in the same leaf L are the homotopy classes of paths in L. If the points are not in the same leaf, then
there is no morphism between them. The source and target maps pick out the endpoints of paths. The usual
composition of paths then makes G into a Lie groupoid over X.

A G-equivariant vector bundle is a pair (E , ψ), where E a vector bundle on X, and ψ ∈ HomOG
(s∗E , t∗E ))

is an isomorphism satisfying the cocycle condition

p∗1ψ ◦ p∗2ψ = c∗ψ
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for p1, p2 the natural projections G ×s,X,t G → G. A morphism between two G-equivariant vector bundles
(E1, ψ1) and (E2, ψ2) is an OX -linear map φ : E1 → E2 such that

t∗φ ◦ ψ1 = ψ2 ◦ s∗φ : s∗E1 → t∗E2.

Let (E ,∇) be a foliated vector bundle on X, and let L be a leaf of F . Then ∇|L is a flat connection on E |L.
The parallel transport isomorphisms with respect to the flat connections ∇|L give an equivalence between the
category of foliated vector bundles and the category of G-equivariant vector bundles.

3.2. Bott partial connection. Let F be a regular foliation on a complex manifold X. Let N be the normal
bundle of F , and let π : TX → N be the quotient map. For sections e of N , t of TX , and v of F over some
open subset of X with e = π(t), set

∇B(v)(e) = π([v, t]).

This expression is well defined, OX -linear in v, and satisfies the Leibnitz rule

∇B(v)(fe) = f∇B(v)(e) + v(f)e.

The partial connection ∇B is flat. The induced partial connection on N ∨ is given by the formula

∇∨
B (α) = Lvα = ιvdα,

for any local sections α of N ∨ ⊆ Ω1
X and v of TF over some open subset of X. We will refer to ∇B as the Bott

partial connection on N .

The following lemma can be easily verified.

Lemma 3.4. Let f : (X,F) → (Y,G) be a morphism of foliated manifolds. Then the natural map NF → f∗NG
induces a morphism

(NF ,∇F
B ) → (f∗NG , f

∗∇G
B )

of foliated vector bundles.

3.3. Projective connections on foliated vector bundles. Let F be a regular foliation on a complex manifold X, and
let (E ,∇) be a foliated vector bundle of rank r.

Definition 3.5.

(1) A connection (resp. a flat connection) on (E ,∇) is a connection (resp. a flat connection) □ on E such
that ∇ coincides with the composition

□F : E Ω1
X ⊗ E Ω1

F ⊗ E .□ pr⊗id

We say that (E ,∇) is flat if (E ,∇) admits a flat connection.
(2) A projective connection (resp. a flat projective connection) on (E ,∇) is a projective connection (resp.

a flat projective connection) □ on E such that the diagram

D1(E )

TF TX D1(E )/OX id

∇

□

commutes.
We say that (E ,∇) is projectively flat if (E ,∇) admits a flat projective connection.

Remark 3.6. Let □ be a projective connection (resp. a flat projective connection) on E given by an open
covering (Ui)i∈I of X and connections (resp. flat projective connections) □i on E |Ui such that □i|Ui∩Uj =
□j |Ui∩Uj

+ αij ⊗ id for some holomorphic 1-form (resp. closed holomorphic 1-form) αij on Ui ∩ Uj . Then □ is
a projective connection (resp. a flat projective connection) on (E ,∇) if and only if ∇|Ui

= □F |Ui
+ βi ⊗ id for

some βi ∈ H0
(
Ui,Ω

1
F |Ui

)
.

Remark 3.7. If (E ,∇) is flat (resp. projectively flat), then E is flat (resp. projectively flat).

Lemma 3.8. Let x ∈ X be any point. Then there exists an open neighborhood U of x such that (E |U ,∇|U ) is
flat.
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Proof. Let E := V(E ∨) with projection π : E → X, and let H be the foliation on E induced by ∇ (see Remark
3.2). Let e be any local section of E over some open subset U of x, viewed as a section of π over U . A simple
computation shows that ∇(e) = 0 if and only if e(U) is invariant under H|π−1(U). It then follows from [Mol88,
Proposition 2.7] that there exists an open neighborhood U of x and a frame (e1, . . . , er) of E over U such that
∇(ei) = 0 for any index i. The (flat) connection □ on E |U such that □(ei) = 0 for any index i gives a flat
connection □ on (E |U ,∇|U ). This finishes the proof of the lemma. □

Lemma 3.9. The foliated vector bundle (E ,∇) is projectively flat if and only if there exists a covering (Ui)i∈I

of X by analytically open sets as well as frames (ei1, . . . , e
i
r) of E over Ui satisfying the following properties.

(1) There exists βi ∈ H0
(
Ui,Ω

1
F |Ui

)
such that

∇(ei) = βi ⊗ ei,

where

ei =

e
i
1
...
eir

 .

(2) There exist locally constant matrices Mij ∈ GL(r,OX(Ui)) as well as nowhere vanishing holomorphic
functions fij on Ui ∩ Uj such that

ei = fijMij · ej
on Ui ∩ Uj.

Proof. The claim follows easily from Lemma 2.5 and Remark 3.6 above. □

The proof of Lemma 3.10 below is very similar to that of Lemma 3.9. We leave it to the reader to spell out
the details.

Lemma 3.10. The foliated vector bundle (E ,∇) is flat if and only if there exists a covering (Ui)i∈I of X by
analytically open sets as well as frames (ei1, . . . , e

i
r) of E over Ui satisfying the following properties.

(1) We have
∇(ei) = 0,

where

ei =

e
i
1
...
eir

 .

(2) There exist locally constant matrices Mij ∈ GL(r,OX(Ui)) such that

ei =Mij · ej
on Ui ∩ Uj.

Proposition 3.11. The following statements hold.

(1) The foliated vector bundle (E ,∇) admits a projective connection if and only if (E ⊗E ∨,∇⊗∇∨) admits
a connection.

(2) The foliated vector bundle (E ,∇) is projectively flat if and only if (E ⊗ E ∨,∇⊗∇∨) is flat.

Proof. Let □ be a projective connection on (E ,∇) given by an open covering (Ui)i∈I of X and connections □i

on E |Ui
such that □i = □j+αij⊗ id for some holomorphic 1-form αij on Ui∩Uj . Then the connections □i⊗□∨

i

on E ⊗ E ∨|Ui
satisfy

□i ⊗□∨
i = □j ⊗□∨

j + [αij ⊗ id, • ]
= □j ⊗□∨

j

on Ui ∩ Uj . One then readily checks that the □i ⊗ □∨
i define a connection on (E ⊗ E ∨,∇ ⊗ ∇∨). Moreover,

a standard calculation shows that K(□i ⊗ □∨
i ) = 0 if K(□i) = 0. Thus, if (E ,∇) is projectively flat, then

(E ⊗ E ∨,∇⊗∇∨) is flat.
The proof of the converse statement is similar to that of [Bis09, Proposition 1.2], and so we leave some easy

details to the reader. The first step of the argument of Biswas applies to show that the OX -linear map

EndOX
(E )/OX id → EndOX

(EndOX
(E ))
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defined by
ū 7→ [u, • ]

admits a section. Let
Λ: Ω1

X ⊗ EndOX
(EndOX

(E )) → Ω1
X ⊗ (EndOX

(E )/OX id)

be the induced map.
Let now D be any connection on (E ⊗ E ∨,∇⊗∇∨). Let (Ui)i∈I be an open covering of X, and let □i be flat

connections on (E |Ui
,∇|Ui

) (see Lemma 3.8). Let also

Ai ∈ H0(Ui,Ω
1
Ui

⊗ EndOUi
(EndOUi

(E |Ui
)))

such that
D|Ui

= □i ⊗□∨
i +Ai.

Shrinking the Ui further, we may assume that there exists

ai ∈ H0(Ui,Ω
1
Ui

⊗ EndOUi
(E |Ui))

such that
Λ(Ai) = āi ∈ H0(Ui,Ω

1
Ui

⊗ (EndOUi
(E |Ui)/OUi id)).

Note that both D|Ui
and □i ⊗□∨

i are connections on (E ⊗ E ∨|Ui
,∇⊗∇∨|Ui

), so that

Ai ∈ H0(Ui,N
∨|Ui

⊗ EndOUi
(EndOUi

(E |Ui
))) ⊆ H0(Ui,Ω

1
Ui

⊗ EndOUi
(EndOUi

(E |Ui
))).

As a consequence, we may also assume without loss of generality that

ai ∈ H0(Ui,N
∨|Ui

⊗ EndOUi
(E |Ui

)) ⊆ H0(Ui,Ω
1
Ui

⊗ EndOUi
(E |Ui

)).

Let □i := □i + ai. By choice of ai, □i is a connection on (E |Ui ,∇|Ui). Moreover,

□i ⊗□
∨
i = □i ⊗□∨

i + [ai, • ],
so that

□i ⊗□
∨
i −□j ⊗□

∨
j = □i ⊗□∨

i −□j ⊗□∨
j + [ai − aj , • ] = Aj −Ai + [ai − aj , • ]

on Ui ∩ Uj , and hence

Λ(□i ⊗□
∨
i −□j ⊗□

∨
j ) = 0.

On the other hand, we have

□i ⊗□
∨
i −□j ⊗□

∨
j =

[
□i −□j , •

]
,

hence there exist 1-forms αij on Ui∩Uj such that □i = □j+αij⊗ id. The □i then define a projective connection
□ on (E ,∇). Finally, one readily checks that if D is flat, then □ is flat as well. This completes the proof of the
proposition. □

Lemma 3.12. Let f : (X,F) → (Y,G) be a morphism of foliated manifolds, and let (E ,∇) be a foliated vector
bundle on Y .

(1) If □ is a connection (resp. a projective connection) on (E ,∇), then f∗□ is a connection (resp. a
projective connection) on (f∗E , f∗∇).

(2) If (E ,∇) is flat (resp. projectively flat), then (f∗E , f∗∇) is flat (resp. projectively flat) as well.

Proof. Let □ be a connection on (E ,∇). By definition, ∇ coincides with the composition

E Ω1
Y ⊗ E Ω1

G ⊗ E .□ pr⊗id

The lemma then follows easily from the very definitions of f∗∇ and f∗□. □

The following Lemma treat the converse statements in a special setting.

Lemma 3.13. Let f : X → Y be a surjective submersion with connected fibers between complex manifolds, and
let F be the regular foliation on X induced by f . Suppose that f is proper. Let E be a vector bundle on Y , and
let ∇ be the flat F-connection on G := f∗E as in Example 3.1.

(1) If (G ,∇) admits a connection (resp. a flat connection), then E admits a connection (resp. a flat
connection).

(2) If (G ,∇) admits a projective connection (resp. a flat projective connection), then E admits a projective
connection (resp. a flat projective connection).
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Proof. The second statement follows from the first one together with Proposition 3.11. Thus, we concentrate
on the first assertion.

Let □ be connection on (G ,∇). Let (e1, . . . , er) be a local from of E on some open subset U of Y with r
the rank of E , and let V := f−1(U). Let dV be the flat connection on G |V such that dV (f

∗ei) = 0 for any
index i. Let also AV ∈ H0(V,Ω1

V ⊗ EndOV
(G |V )) such that □|V = dV + AV . Note that both □|V and dV

are connections on (G |V ,∇|V ), so that AV ∈ H0(V, (f |V )∗(Ω1
U ⊗ EndOU

(E |U ))) ⊆ H0(V,Ω1
V ⊗ EndOV

(G |V )).
This in turn implies that there exists BU ∈ H0(U,Ω1

U ⊗ EndOU
(E |U )) such that AV = f∗BU since f is proper

with connected fibers. Let dU be the connection on EU such that dUei = 0 for any index i. The connection
DU := dU +BU on E |U then satisfies □|V = (f |V )∗DU . Note that DU is uniquely determined by this property.
As a consequence, there is a connection D on E such that □ = f∗D. Local calculations show that □ is flat if
and only if D is flat. This finishes the proof of the lemma. □

4. Transversely projectively flat foliations: definition, examples and a vanishing theorem
for Chern classes

The key notion is that of a (transversely) projectively flat foliation.

Definition 4.1. Let F be regular foliation with normal bundle N on a complex connected manifold X. We
say that F is transversely flat (resp. transversely projectively flat) if the foliated vector bundle (N ,∇B) is flat
(resp. projectively flat).

Example 4.2. Let X be a complex manifold, and let ω1, . . . , ωq ∈ H0(X,Ω1
X) be pointwise linearly independent

closed holomorphic 1-forms. The annihilator TF ⊆ TX of N ∨ = ω1OX ⊕ · · · ⊕ ωqOX ⊆ Ω1
X thus defines a

regular foliation F of codimension q. In addition, we have ∇∨
B (ωi) = 0. The connection □ on N ∨ satisfying

□(ωi) = 0 for any index 1 ⩽ i ⩽ q is a flat connection on (N ∨,∇∨
B ). In other words, F is transversely flat.

In particular, linear foliations on complex tori are transversely flat.

Example 4.3. Let T be a complex tori, and let α be a nonzero holomorphic 1-form on T . Le Y be a complex
manifold, and let β be nonzero closed 1-form on Y . Then pr∗Tα + pr∗Y β defines a transversely flat foliation on
T × Y by Example 4.2.

Example 4.4. Let L1, . . . ,Lq be flat line bundles on a compact Kähler manifold X, and let ωi ∈ H0(X,Ω1
X⊗Li)

be pointwise linearly independent holomorphic twisted 1-forms. Then ∇1(ωi) = 0 ∈ H0(X,Ω2
X ⊗Li) by Hodge

theory for unitary local systems. As in Example 4.2 above, the annihilator TF ⊆ TX of N ∨ = L ∨
1 ⊕ · · · ⊕

L ∨
q ⊆ Ω1

X then defines a transversely flat foliation F of codimension q.

Example 4.5. Let G be a regular foliation on a complex manifold Y , and let f : X → Y be a submersion. Let
also F := f−1G. We have (NF ,∇F

B ) ∼= (f∗NG , f
∗∇G

B ) by Lemma 3.4. If G is transversely flat (resp. transversely
projectively flat), then Lemma 3.12 applies to show that F is transversely flat (resp. transversely projectively
flat) as well.

Example 4.6. Let G be regular foliation of codimension q on a complex manifold Y , and let Z ⊆ Y be a
closed submanifold of dimension at least q. Suppose in addition that Z is everywhere transverse to G, and let
β : X → Y be the blow-up of Y along Z. Let f : U → Cq be a submersion defining G on some open subset
U ⊆ Y , and let also V := β−1(U). By our assumptions, the composition f ◦ (β|V ) : V → Cq is a submersion as
well, so that G induces a regular foliation F on X with NF ∼= β∗NG .

By Lemma 3.4 together with Lemma 3.12 again, if G is transversely flat (resp. transversely projectively flat),
then so is F .

Example 4.7. Let f : X → Y be a conic bundle, where X and Y are complex manifolds. Suppose that the
discriminant locus

∆ := {y ∈ Y | f−1(y) is a singular conic}
is smooth, or equivalently, that any fiber of f is a (possibly singular) reduced conic (see [Dru17, Lemma 4.7]).
Let G be a regular foliation of dimension p at least 2 on Y . Suppose that ∆ is everywhere transverse to G.
The holomorphic map f factors locally in Y as the blow-up of a smooth conic bundle along of codimension 2
submanifold. By Examples 4.5 and 4.6, G induces a regular foliation F on X with NF ∼= β∗NG , and hence F
is transversely flat (resp. transversely projectively flat) if G is.

The following is the main result of this section. Note that Theorem 1.4 is an immediate consequence of
Theorem 4.8 below.
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Theorem 4.8. Let X be a complex manifold, and let F be regular foliation of codimension q ⩾ 2 with normal
bundle N . If F is transversely projectively flat, then (N ,∇B) admits a connection. In particular, we have
ci(N ) = 0 ∈ Hi(X,Ωi

X) for any index i ⩾ 1.

Before proving the theorem below, we note the following corollary which is a special case of Theorem 4.8.

Corollary 4.9. Let X be a complex manifold. If TX is projectively flat, then TX admits a holomorphic con-
nection.

Proof of Theorem 4.8. By Lemma 3.9, there exists a covering (Ui)i∈I of X by analytically open sets as well as
frames (αi

1, . . . , α
i
q) of N ∨ ⊆ Ω1

X over Ui satisfying the following properties. There exists βi ∈ H0(Ui,Ω
1
F |Ui)

such that

∇∨
B (ai) = βi ⊗ ai,

where

ai =

α
i
1
...
αi
q

 .

Moreover, there exist locally constant matrices Mij ∈ GL(q,OX(Ui)) as well as nowhere vanishing holomorphic
functions fij on Uij := Ui ∩ Uj such that

ai = fijMij · aj
on Uij . We have

βi ⊗ ai = ∇∨
B (ai)

= ∇∨
B (fijMij · aj)

= fijMij · ∇∨
B (aj) + dFfij ⊗ (Mij · aj)

= fijβj ⊗Mij · aj +
dFfij
fij

⊗ ai

= βj ⊗ ai +
dFfij
fij

⊗ ai

on Uij , or, equivalently,

(4.1)
dfij
fij

∣∣∣∣
TF |Uij

= (βi − βj)|Uij
.

Now, set

Ai
k = αi

1 ∧ · · · ∧ α̂i
k ∧ · · · ∧ αi

q ∈ H0(Ui,∧q−1N ∨|Ui
) ⊆ H0(Ui,Ω

q−1
Ui

).

and

Ai =

A
i
1
...
Ai

q

 .

Then, we have

∇∨
B (Ai) = (q − 1)βi ⊗Ai,

where, by abuse of notation, we use the same symbol ∇∨
B to denote the connection on ∧q−1N ∨ induced by ∇∨

B .
This is because

∇∨
B (Ai

k) = ∇∨
B (αi

1) ∧ · · · ∧ α̂i
k ∧ · · · ∧ αi

q + · · ·

+ αi
1 ∧ · · · ∧ ∇̂∨

B (αi
k) ∧ · · · ∧ αi

q + · · ·+ αi
1 ∧ · · · ∧ α̂i

k ∧ · · · ∧ ∇∨
B (αi

q) = (q − 1)βi ⊗Ai
k.

On the other hand, there exist 1-forms γikl ∈ H0
(
Ui,Ω

1
Ui

)
such that

dαi
k =

q∑
l=1

γikl ∧ αi
l
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since TF is involutive. This immediately implies that there exist 1-forms ηikl ∈ H0
(
Ui,Ω

1
Ui

)
such that

dAi
k =

q∑
l=1

ηikl ∧Ai
l,

so that

∇∨
B (Ai

k) =

q∑
l=1

ηikl|TF |Ui
⊗Ai

l

since ∇∨
B (v)(Ai

k) = Lv(A
i
k) = ιvdA

i
k for any section v of TF over Ui by the very definition of ∇∨

B (see 3.2). This
in turn implies ηikl|TF |Ui

= 0 if l ̸= k and ηikk|TF |Ui
= (q − 1)βi. In other words, ηikl ∈ H0(Ui,N ∨|Ui

) if l ̸= k.
We may therefore assume without loss of generality

ηikl = 0 if l ̸= k

since

(−1)lαi
l ∧Ai

l = −αi
1 ∧ · · · ∧ αi

q = (−1)mαi
m ∧Ai

m

for any indices l andm, and αi
m∧Ai

l = 0 if l ̸= m. Note that ηikk−ηi11 ∈ H0(Ui,N ∨|Ui
) since ηill|TF |Ui

= (q−1)βi
for any index l. Thus, there exists a holomorphic function ci on Ui such that

(ηikk − ηi11) ∧Ai
k = ciα

i
k ∧Ai

k.

Set

ηi = ηi11 +

q∑
l=1

clα
i
l .

Then, we have

(4.2) ηi|TF |Ui
= ηi11|TF |Ui

= (q − 1)βi

and

ηi ∧Ai
k = ηi11 ∧Ai

k +

q∑
l=1

clα
i
l ∧Ai

k = ηi11 ∧Ai
k + ckα

i
k ∧Ai

k = ηikk ∧Ai
k = dAi

k.

By choice of the Ai
k, there exists a locally constant matrix Nij ∈ GL(q,OX(Ui)) such that

Ai = fq−1
ij Nij ·Aj .

Therefore, we have

ηi ∧Ai = dAi

= d(fq−1
ij Nij ·Aj)

= fq−1
ij Nij · dAj + (q − 1)fq−2

ij dfij ∧ (Ni,j ·Aj)

= fq−1
ij ηj ∧Nij ·Aj + (q − 1)

dfij
fij

∧Ai

= ηj ∧Ai + (q − 1)
dfij
fij

∧Ai

on Uij , or, equivalently,

(4.3)

(
(q − 1)

dfij
fij

+ ηj − ηi

)
∧Ai

k = 0

for any index k. Note that(
(q − 1)

dfij
fij

+ ηj − ηi

) ∣∣∣∣
TF |Uij

= (q − 1)

(
dfij
fij

+ βj − βi

) ∣∣∣∣
TF |Uij

= 0

by (4.1) and (4.2). This implies

(q − 1)
dfij
fij

= (ηi − ηj)|Uij .
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Note that q − 1 > 0 by assumption, and let ∇∨
i be the connection on N ∨|Ui given by di +

1
q−1ηi ⊗ id with di

the flat connection on N ∨|Ui such that diα
i
k = 0 for any index k. Then, we have

∇∨
j (ai) = ∇∨

j (fijMij · aj)
= fijMij ⊗∇∨

j (aj) + dfij ⊗Mij · aj

=
1

q − 1
ηj ⊗ fijMij · aj +

dfij
fij

⊗ fijMij · aj

=
1

q − 1
ηj ⊗ ai +

1

q − 1
(ηi − ηj)⊗ ai =

1

q − 1
ηi ⊗ ai

= ∇∨
i (ai),

and hence the ∇∨
i glue together defining a connection ∇∨ on N ∨. In addition, we have ∇∨|TF |Ui

= ∇∨
i |TF |Ui

=

∇∨
B |Ui

by (4.2), and hence ∇ := (∇∨)∨ is a connection on (N ,∇B). This finishes the proof of the theorem. □

Remark 4.10. If one drops the assumption that the projective connection on N is compatible with the Bott
connection, then the conclusion of Theorem 4.8 may be false. Indeed, let E be an elliptic curve, and let B be
an abelian variety of dimension dimB = n− 1 ⩾ 1. Set A := E ×B. Let M be a line bundle of degree 2 on E,
and set L := pr∗EM∨. Let si, ti ∈ H0(A,L ∨) for i ∈ {1, . . . , n− 1} such that the zero sets of the si and the ti
are pairwise disjoint. Let α1, . . . , αn be a basis of H0(A,Ω1

A). The sections si and ti then give an injective map
of vector bundles L ⊂ OAαi ⊕ OAαi+1. In addition, the induced map of vector bundles N ∨ := L ⊕n−1 → Ω1

A

is injective as well. The annihilator TF ⊂ TX of N ∨ ⊂ Ω1
X defines a regular foliation F of dimension 1 on A

whose normal bundle is projectively flat with non-vanishing first Chern class by construction.

5. Transversely projectively flat foliations with compact leaves

The proof of Theorem 5.4 below makes use of the following characterization of torus quotients. Note that
Theorem 1.2 is an immediate consequence of Theorem 5.1 below.

Theorem 5.1. Let X be a compact Kähler variety of dimension n at least 2 with klt singularities, and let
U ⊆ Xreg be a Zariski open subset with complement of codimension at least 2. Suppose that TU is projectively
flat. Then there exists a complex torus T , and a quasi-étale cover T → X.

Proof. The arguments used in the proof of [CGGN22, Theorem 5.1] show that X admits a quasi-étale cover
η : Y → X satisfying the following properties. There exists an open subset X◦ ⊆ X whose complement is a
union of finitely many points such that Y ◦ := η−1(X◦) → X◦ is a maximally quasi-étale cover with Y ◦ smooth
(we refer the reader to [CGGN22, Definition 5.3] and the references therein for this notion). One only needs to
replace the use of [CGGN22, Proposition 5.5] by Lemma 5.2 below. Then [CGGN22, Proposition 5.9] applies to
show that Y admits a maximally quasi-étale cover. Therefore, replacing X by a quasi-étale cover, if necessary,
we may assume without loss of generality that X is maximally quasi-étale.

Note that X has only isolated quotient singularities by Lemma 5.2 again. Moreover, c1(X) = 0 ∈ H2(X,C)
by Theorem 4.8. By [CGGN22, Corollary 4.2], there exists a complex torus T as well as a compact Kähler
variety Z with canonical singularities and a quasi-étale cover γ : T × Z → X. In addition, we have ωZ

∼= OZ

and q̃(Z) = 0. Note also that γ is étale since X is maximally quasi-étale by our current assumption, and hence
T × Y has only isolated singularities.

We now prove dimT ⩾ 1. We argue by contradiction and assume dimT = 0. By Lemma 5.3, TXreg
is

projectively flat. Let

ρ : π1
(
Xreg

)
→ PGL(n,C)

be a representation that defines the projectively flat structure on TXreg . Then ρ factors through π1
(
Xreg

)
→

π1(X) (see [CGGN22, Remark 5.4]). Moreover, the induced representation

π1(Z) → π1(X) → PGL(n,C)

has finite image by [CGGN22, Theorem 7.2]. Replacing, Z by a finite étale cover, if necessary, we may therefore

assume that Ω
[1]
Z

∼= L ⊕ dimZ , where L is reflexive of rank 1. Then L [⊗ dimZ] ∼= OZ since ωZ
∼= OZ . Hence,

replacing Z by a further quasi-étale cover, we may assume that L ∼= OZ . This gives a contradiction since
q̃(Z) = 0 by assumption.

Note that Z is smooth since T×Z has only isolated singularities and dimT ⩾ 1. By the Beauville - Bogomolov
decomposition theorem, we may assume that Z is simply connected. Let t ∈ T and set Zt = {t} × Z ⊂ T × Z.
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The tangent bundle TT×Z is projectively flat with zero first Chern class by assumption. Therefore, its restriction
to Zt is the trivial vector bundle. This in turn implies that Ω1

Zt
is generated by its global sections, and hence

dimZt = 0 since q(Zt) = 0. This finishes the proof of the theorem. □

Lemma 5.2. Let X be a complex space with klt singularities. Suppose that the vector bundle TXreg
is projectively

flat. Suppose in addition that X admits a maximally quasi-étale cover η : Y → X. Then Y has only isolated,
cyclic quotient singularities.

Proof. Let n be the dimension of X, and let

π1
(
Xreg

)
→ PGL(n,C)

be a representation that defines the projectively flat structure on TXreg
. By the Nagata-Zariski purity theorem,

we have η−1
(
Xreg

)
⊆ Yreg. The inclusion now induces an isomorphism π1

(
η−1

(
Xreg

)) ∼= π1
(
Yreg

)
of fundamental

groups since Yreg \ η−1
(
Xreg

)
is a closed subset of codimension at least 2. The composition

π1
(
Yreg

) ∼= π1
(
η−1

(
Xreg

))
→ π1

(
Xreg

)
→ PGL(n,C)

then factors through π1
(
Yreg

)
→ π1(Y ) since Y is maximally quasi-étale by assumption. Let y ∈ Y be any

point. Then there exists an open neighborhood U of y over which Ω
[1]
U

∼= L ⊕n, where L is reflexive of rank 1.
The claim now follows from [GKP21, Proposition 4.1]. □

Lemma 5.3. Let X be a complex manifold, and let E be a vector bundle on X. Let X◦ ⊆ X be a Zariski open
subset with complement of codimension at least 2. If E |X◦ is flat (resp. projectively flat), then E is flat (resp.
projectively flat) as well.

Proof. Suppose that E |X◦ is flat, and let ∇◦ be a flat connection on E |X◦ . By the Hartogs extension theorem,
∇◦ extends to a flat connection ∇ on E . If E |X◦ is projectively flat, then E is projectively flat as well by
Proposition 3.11 together with the previous case. □

Next, we address transversely projectively flat foliations with compact leaves. Note that Theorem 1.1 is an
immediate consequence of Theorem 5.4 below together with Theorem 4.8.

Theorem 5.4. Let X be a compact Kähler manifold, and let F be regular foliation on X with normal bundle
N . Suppose that F is transversely projectively flat with compact leaves. Suppose furthermore that c1(N ) = 0.
Then there exist a complex torus T and a smooth morphism f : Y → T as well as a finite étale cover γ : Y → X
such that γ−1F is induced by f .

Proof. The arguments used in the proof of [H0̈7, Corollary 2.11] show that F is induced by an equidimensional
morphism f : X → Y onto a compact analytic space with only quotient singularities. In particular, the complex
variety Y is Q-factorial with klt singularities. Note also that any fiber of f with reduced analytic structure is
smooth since F is regular by assumption.

Let (Bi)i∈I be the possibly empty set of prime divisors B in Y such that f∗B is not integral. Then f∗Bi =
miDi for some integer mi ⩾ 2 and some prime divisor Di. By the Reeb local stability theorem, the pair(
Y,
∑

i∈I
mi−1
mi

Bi

)
is klt. Moreover, a simple computation shows that detN ∨ ∼= OY (f

∗KY +
∑

i∈I(mi − 1)Di),

so that KY +
∑

i∈I
mi−1
mi

Bi ≡ 0. Then [CGP23, Corollary 1.18] applies to show that KY +
∑

i∈I
mi−1
mi

Bi is

torsion. Let η1 : Y1 → Y be the index one cover of
(
Y,
∑

i∈I
mi−1
mi

Bi

)
(see [Sho92, Section 2.4]). By construction,

we have

KY1 ∼Q η
∗
1

(
KY +

∑
i∈I

mi − 1

mi
Bi

)
∼Q 0.

Let also X1 be the normalization of the product Y1 ×Y X. A simple computation then shows that the natural
morphism γ1 : X1 → X is étale in codimension 1, and hence étale by purity of the branch locus.

Set F1 = γ−1
1 F . Then F1 is a regular foliation with normal bundle N1

∼= γ∗1N . Moreover, F1 is transversely
projectively flat (see Example 4.5), and c1(N1) = 0. By the Reeb local stability theorem again, the morphism
f1 : X1 → Y1 is smooth over an open subset Y ◦

1 ⊆ Y1 with complement of codimension at least 2. Hence, there
is an identification N1|X◦

1

∼= (f1|X◦
1
)∗TY ◦

1
, where X◦

1 := f−1
1 (Y ◦

1 ). This in turn implies that TY ◦
1
is projectively

flat by Lemma 3.13. By Theorem 5.1, replacing Y1 by a quasi-étale cover, we may assume that Y1 is a complex
torus. Then we have N1

∼= f∗1TY1
since both are reflexives sheaves and agree away from a codimension 2 subset.

This implies that f1 is a submersion since F1 is a regular foliation, completing the proof of the proposition. □
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6. Birational geometry of transversely projectively flat foliations

In this section we study the birational geometry of transversely projectively flat foliations on complex pro-
jective manifolds. Let F be a regular foliation on a complex projective manifold X with normal bundle N . If
c1(N ) = 0, then KF ≡ KX by the adjunction formula. By [BCHM10], we can run a KF -MMP.

The following result extends [JR13, Proposition 2.1 (1)] to leaf spaces of transversely projectively flat folia-
tions.

Lemma 6.1. Let F be regular foliation on a complex manifold X. Suppose that the normal bundle N of F is
projectively flat with c1(N ) = 0. Let f : Y → X be a holomorphic map from a simply connected compact Kähler
manifold Y to X. Then f(Y ) is tangent to F .

Proof. Let q be the codimension of F . Note that N |Y ∼= O⊕q
Y by our assumptions. The composition

TY → TX |Y → N |Y ∼= O⊕q
Y

then vanishes identically since h0(Y,Ω1
Y ) = h1(X,OX) = 0 by Hodge theory. This proves that f(Y ) is tangent

to F . □

Next, we describe extremal contractions of transversely projectively flat foliations of dimension at most 2 on
complex projective manifolds.

Proposition 6.2. Let F be regular foliation of dimension 1 on a compact Kähler manifold X. Suppose that
the normal bundle N of F is projectively flat with c1(N ) = 0. If X contains a rational curve C, then F is
induced by a P1-bundle structure f : X → Y onto a finite étale quotient of a complex torus. In addition, C is a
fiber of f .

Proof. By Lemma 6.1, the curve C is leaf of F . In particular, C is a smooth rational curve. Then [H0̈7,
Corollary 2.11] applies to show that F is induced by a submersion f : X → Y onto a compact complex manifold.
But then N ∼= f∗TY . In particular, we have c1(Y ) = 0 and c2(Y ) = 0 by Fact 2.4. By [Kob87, Chapter IV
Corollary 4.15], Y is then covered by a complex torus. This finishes the proof of the proposition. □

Proposition 6.3. Let F be regular foliation of dimension 2 on a complex projective manifold X. Suppose that
the normal bundle N of F is projectively flat with c1(N ) = 0. Suppose furthermore that KX is not nef, and
let f : X → Y be KX-negative extremal contraction. Then one of the following holds.

(1) The map f is a smooth morphism onto a finite étale quotient of an abelian variety, and the foliation F
is induced by f .

(2) The variety Y is smooth, and f is the blow-up of Y along a smooth subvariety Z of codimension 2.
Moreover, Z is a finite étale quotient of an abelian variety. In addition, there is a regular foliation G on
Y whose normal bundle NG is projectively flat with c1(NG) = 0 such that Z is everywhere transverse to
G and F = f−1G.

(3) The morphism f is a conic bundle with smooth discriminant locus ∆. Moreover, any connected com-
ponent of ∆ is a finite étale quotient of an abelian variety. In addition, there is a regular foliation H
on Y whose normal NH is projectively flat with c1(NH) = 0 such that ∆ is everywhere transverse to H
and F = f−1H.

Proof. Let n be the dimension of X. Any fiber of f is rationally chain connected by [HM07, Corollary 1.4], and
therefore contained in a leaf of F by Lemma 6.1. This immediately implies dimX − dimY ⩽ 2.

If dimX − dimY = 2, then F is induced by f . Arguing as in the proof of Proposition 6.2 above, we see that
f is a smooth morphism onto a finite étale quotient of an abelian variety.

Suppose from now on dimX − dimY ⩽ 1.

Let F be an irreducible component of a fiber of f . If dimF = 2, then F is a leaf of F . In particular, F is
smooth. By [AW97, Theorem 1.9], either F is a projective plane, or F is a Hirzebruch surface. In either case,
F is simply connected. Then [H0̈7, Corollary 2.11] applies to show that F is induced by a submersion onto a
complex projective manifold. Moreover, any leaf of F is a fiber of f by the Rigidity Lemma. In other words, F
is induced by f . This implies dimX−dimY = 2, a contradiction. This shows that any fiber of f has dimension
at most 1. By [Wís91, Theorem 1.2], we conclude that Y is smooth, and either f is the blow-up of Y along a
smooth subvariety Z of codimension 2, or f is a conic bundle.
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Suppose first that f is the blow-up of Y along a smooth subvariety Z of codimension 2. Let E be its
exceptional locus, and let F ∼= P1 be any fiber of f |E : E → Z. Then TF |F ∼= OP1(2)⊕ OP1(−1) since TF ⊂ TF
by Lemma 6.1 and KF · F = KX · F = −1. In particular, E is everywhere transverse to F . Let G be the
(possibly singular) foliation on Y induced by F . Since c1(N ) = 0, there exists a line bundle L on Y such that
detN ∼= f∗L . Note that L ∼= detNG . Let ω ∈ H0(Y,Ωn−2

Y ⊗ L ) be a twisted (n− 2)-form defining G. Then
f∗ω ∈ H0(X,Ωn−2

X ⊗ detN ) is a twisted (n− 2)-form defining F . This immediately implies that ω is nowhere
vanishing. Therefore, G is a regular foliation, and N ∼= f∗NG . Let

ρ : π1(X) → PGL(n− 2,C)

be a representation that defines the projectively flat structure on N . Then ρ factors through π1(X) ↠ π1(Y ),
and the induced representation

ρ : π1(Y ) → PGL(n− 2,C)
defines a projectively flat structure on NG . Also, local calculations show that Z is everywhere transverse to G
since E is everywhere transverse to F . This implies that TZ ∼= NG |Z . In particular, we have c1(Z) = 0 and
c2(Z) = 0 by Fact 2.4. By [Kob87, Chapter IV Corollary 4.15], Z is a finite étale quotient of an abelian variety.

Suppose finally that f is a conic bundle structure on X with discriminant locus ∆. Let F be an irreducible
component of some fiber of f over the discriminant locus. Then F is a smooth rational curve with −KX ·F = 1.
Moreover, F is contained in a leaf of F by Lemma 6.1. Thus TF |F ∼= OP1(2) ⊕ OP1(−1) and N |F ∼= O⊕n−2

P1 .

This in turn implies TX |F ∼= OP1(2) ⊕ OP1(−1) ⊕ O⊕n−2
P1 . By [Dru17, Lemma 4.7], we conclude that any fiber

of f is reduced and that ∆ is smooth. Moreover, F is transverse to f−1(∆) at a general point of F .
By Lemma 6.1 again, irreducible components of fibers of f are tangent to F . This implies that there is a

(possibly singular) foliation H of dimension 1 on Y such that F = f−1H. Since c1(N ) = 0, there exists a line
bundle M on Y such that detN ∼= f∗M . Note that H is generically transverse to ∆ since F is transverse to
f−1(∆) at a general point of F . This easily implies M ∼= detNH. Let α ∈ H0(Y,Ωn−2

Y ⊗M ) be a twisted (n−2)-

form defining H. Then f∗ω ∈ H0(X,Ωn−2
X ⊗ detN ) is a twisted (n − 2)-form defining F . This immediately

implies that α is nowhere vanishing. Thus H is a regular foliation, and N ∼= f∗NH. Moreover, H is everywhere
transverse to ∆ since F is transverse to f−1(∆) at a general point of any fiber F of f over the discriminant
locus. Let

ρ : π1(X) → PGL(n− 2,C)
be a representation that defines the projectively flat structure on N . Then ρ factors through π1(X) ↠ π1(Y ),
and the induced representation

ρ : π1(Y ) → PGL(n− 2,C)
defines a projectively flat structure on NH. Note that T∆ ∼= NH|∆ since H is everywhere transverse to ∆. Thus,
we have c1(∆) = 0 and c2(∆) = 0 by Fact 2.4. By [Kob87, Chapter IV Corollary 4.15] again, any connected
component of ∆ is a finite étale quotient of an abelian variety. This finishes the proof of the proposition. □

Finally, we prove a special case of the abundance conjecture.

Proposition 6.4. Let F be regular foliation of dimension p ⩾ 1 on a complex projective manifold X. Suppose
that the normal bundle N of F is projectively flat with c1(N ) = 0, and that KX is nef. Suppose in addition
that the abundance conjecture holds for complex projective manifolds of dimension at most p− 1, and that F is
not algebraically integrable. Then KX is semiample.

The following example shows to what extend the above result is optimal.

Example 6.5. Let A be an abelian variety, and let Y be a complex projective manifold. Let F be the pull-back
on X := Y × A of a linear foliation of codimension at most 1 on A. Then F is transversely flat (see Examples
4.2 and 4.5). On the other hand, KX is semiample if and only if KY is semiample.

Proof of Proposition 6.4. By [Kaw85, Proposition 2.1], in order to prove that KX is semiample, it suffices to
prove that KX is abundant.

Let q be the codimension of F , and let

ρ : π1(X) → PGL(q,C)

be a representation that defines the projectively flat structure on the normal bundle N of F . Let G ⊆
PGL(q,C) be the Zariski closure of ρ(π1(X)). This is a linear algebraic group which has finitely many connected
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components. Applying Selberg’s Lemma and passing to an appropriate finite étale cover of X, we may assume
without loss of generality that G is connected and that the image of the induced representation

ρ1 : π1(X) → G → G/RadG

is torsion-free, where RadG denotes the radical of G. Let

shρ1
: X 99K Y

be the ρ1-Shafarevich map, where shρ1
is dominant and Y is a smooth projective variety. The rational map shρ1

is almost proper with connected fibers. By [CCE15, Théorème 1], we may assume without loss of generality
that Y is of general type, and that the representation ρ1 factorizes through shρ1 .

If dimY = dimX, then X is of general type and the claim follows from the base-point-free theorem. Suppose
from now on that dimY < dimX.

Let F be a general (smooth) fiber of shρ1
. By [Dru24, Proposition 2.23], in order to prove that KX is

abundant, it suffices to prove that KF is abundant. Let a : F → A be the Albanese morphism. By construction,
we have dimA = q(F ). Let F1 be a general (smooth) fiber of the Stein factorization of F → a(F ). By [Hu16,
Theorem 1.1], in order to prove that KF is abundant, it suffices to prove that KF1 is abundant. In particular,
it is enough to consider the case where dimF1 > 0. Repeating the process finitely many times, we see that
it suffices to prove that KF2

is abundant for some smooth projective subvariety F2 ⊆ F1 (passing through a
general point) of dimension dimF2 > 0 and irregularity q(F2) = 0. Let

ρ2 : π1(F2) → π1(X) → PGL(q,C).

be the induced representation. By construction, ρ2(π1(F2)) is solvable and torsion-free. It follows that ρ2 is the

trivial representation since q(F2) = 0. Therefore, there exists a line bundle L2 on F2 such that N |F2
∼= L ⊕q

2 .
Note that c1(L2) = 0 since c1(N ) = 0 by assumption, and hence the line bundle L2 is torsion as q(F2) = 0.
Let F3 → F2 be the corresponding cyclic étale cover. Then KF2 is abundant if and only if KF3 is. Arguing as
above, we see that it remains to prove that KF4 is abundant for some smooth projective subvariety (passing
through a general point) F4 ⊆ F3 of dimension dimF4 > 0 and irregularity q(F4) = 0. Now, the composition

TF4 → TX |F4 → N |F4
∼= O⊕q

F4

vanishes identically, and hence TF4
⊆ TF |F4

. This implies dimF4 ⩽ p−1 since F is not algebraically integrable,
and hence KF4

is abundant since the abundance conjecture holds for complex projective manifolds of dimension
at most p− 1 by assumption. This finishes the proof of the proposition. □

7. Transversely flat foliations of dimension 1

In this section we describe the structure of regular foliations of dimension 1 whose normal bundle is projec-
tively flat with zero first Chern class. Before we give the proof of Theorem 1.3, we need the following auxiliary
results.

Proposition 7.1. Let X be a compact Kähler manifold with c1(X) = 0, and let F be regular foliation on X.
Suppose that the normal bundle N of F is projectively flat with c1(N ) = 0. Then there exists a complex torus T
as well as a simply connected compact Kähler manifold Y with c1(Y ) = 0, and a finite étale cover γ : T ×Y → X
such that γ−1F is the pull-back of a linear foliation on T .

Proof. By the Beauville - Bogomolov decomposition theorem, there exists a complex torus T as well as a simply
connected compact Kähler manifold Y with c1(Y ) = 0, and a finite étale cover γ : T×Y =: X1 → X. The normal
bundle N1 of the regular foliation F1 := γ−1F on X1 satisfies N1

∼= γ∗N . In particular, N1 is projectively flat
with c1(N1) = 0. Let t ∈ T be a point, and set Yt = {t}×Y ⊆ T ×Y = X1. By Lemma 6.1, Yt is tangent to F1.
This implies that F1 is the pull-back of a regular foliation G on T via the projection morphism prT : X1 → T .
Then N1

∼= pr ∗TNG , and hence c1(NG) = 0. This easily implies that G is a linear foliation, completing the proof
of the proposition. □

Lemma 7.2. Let f : X → Y be an abelian scheme over a smooth projective base, and let F be regular foliation
with TF ⊆ TX/Y . Suppose that the normal bundle N of F is projectively flat with c1(N ) = 0. Then there
exists an abelian variety A as well as a simply connected complex projective manifold Z with c1(Z) = 0, and a
finite étale cover γ : A × Z → X such that γ−1F is the pull-back of a linear foliation on A. In particular, we
have c1(X) = 0.
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Proof. Let Σ ⊆ X be the neutral section of f . Note that

N |Σ ∼= (TX/Y /TF )|Σ ⊕ TΣ

since the exact sequence
0 → TX/Y |Σ → TX |Σ → f∗TY |Σ ∼= TΣ → 0

is split and TF ⊆ TX/Y by assumption. By Lemma 2.8, we have c1(Y ) = 0. Replacing X by a finite étale cover,
if necessary, we may assume without loss of generality that f is equipped with a level three structure. Let A (3)
be the fine moduli space of polarized abelian varieties with a level three structure. The moduli map Y → A (3)
is then the constant morphism by [Kol93, Lemma 5.9.3]. In particular, we have c1(X) = 0. The claim now
follows from Proposition 7.1 above. □

Finally, we describe the structure of transversely projectively flat foliations of dimension 1 on complex
projective manifold. Note that Theorem 1.3 is a consequence of Theorem 7.3 below together with Theorem
4.8.

Theorem 7.3. Let F be regular foliation of dimension 1 on a complex projective manifold X. Suppose that the
normal bundle N of F is projectively flat with c1(N ) = 0. Then one of the following holds.

(1) The foliation F is induced by a P1-bundle structure f : X → Y onto a finite étale quotient of an abelian
variety.

(2) There exists an abelian variety A as well as a finite étale morphism γ : A → X such that γ−1F is a
linear foliation.

(3) There exist a smooth projective curve C and an abelian variety B as well as a finite étale mrophism
γ : C × B → X such that γ−1F induces a flat Ehresmann connection on the projection morphism
prC : C ×B → C.

Proof. Suppose first that KX is not nef. Then X contains a rational curve by the cone theorem and Proposition
6.2 applies to show that F is induced by a P1-bundle structure f : X → Y , where Y is a finite étale quotient of
an abelian variety.

Suppose from now on that KX is nef. Note that KF ≡ KX by the adjunction formula. The exact sequence

0 → TF → TX → N → 0

gives c2(X) = 0 since c1(N ) = 0 and c2(N ) = 0 (see Fact 2.4). By [IMM25, Theorem 1.2], either X is a finite
étale quotient of an abelian variety, or there exists an abelian scheme Z → C over a smooth projective curve C
of genus at least 2 as well as a finite étale morphism γ : Z → X.

If X is a finite étale quotient of an abelian variety, then Poposition 7.1 easily implies that we are in case (2)
of Theorem 1.3.

Suppose finally that there exist an abelian scheme Z → C over a smooth projective curve C of genus at least
2 and a finite étale morphism γ : Z → X. Set G := γ−1F . Lemma 7.2 then implies that TG ̸⊆ TZ/C . Let F
be a general fiber of f . Then KG |F ≡ KZ |F ≡ 0, and therefore G is transverse to f at any point in F . This
in turn implies that f is isotrivial. Replacing Z by a further finite étale cover, we may therefore assume that
Z/C = C ×B/C, where B is an abelian variety. Note also that

KG ≡ KC×B ≡ pr∗CKC .

This immediately implies that G induces a (flat) Ehresmann connection on the projection morphism prC : C ×
B → C, completing the proof of the theorem. □

The following is an immediate consequence of Theorem 1.3.

Corollary 7.4. Let F be regular foliation of dimension 1 on a complex projective manifold X. Suppose that
the normal bundle N of F is projectively flat with c1(N ) = 0. Then there exists a finite étale cover γ : Y → X
such that γ−1F is defined by dimX − 1 pointwise linearly independent holomorphic 1-forms.

Question 7.5. Let F be regular foliation on a complex projective manifold X with normal bundle N . Suppose
that F is transversely projectively flat with c1(N ) = 0. One may ask if there exists a finite étale cover η : Y → X
such that η∗N is the trivial vector bundle.

Remark 7.6. Suppose the answer to Question 7.5 is yes if p = 2. Then Theorem 1.4 and Propositions 6.3 and
6.4 together with the results of Hao, Wang and Zhang [HWZ] on good minimal models with nowhere vanishing
holomorphic 1-forms (see also [Chu24]) then give the structure of transversely projectively flat foliations of
dimension 2 on complex projective manifolds of dimension at least 4.
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Finally, we prove a special case of an analogue of the abundance conjecture for the space of leaves of a
codimension 1 regular foliation. This shows that the answer to Question 7.5 is yes if the codimension of F is 1.

Theorem 7.7. Let F be regular foliation of codimension 1 on a complex projective manifold X. Suppose that
the first Chern class of the normal bundle N of F vanishes. Then N is a torsion line bundle.

Proof. Let ∇ be a (holomorphic) unitary flat connection on N , and let

χ : π1(X) → C∗

be its monodromy representation. Note that N is torsion if and only if χ(π1(X)) is finite. We will denote by
Cχ the π1(X)-module C equipped with the action defined by χ.

Let now ω ∈ H0(X,Ω1
X ⊗ N ) be a twisted 1-form defining F . Then ∇1(ω) = 0 ∈ H0(X,Ω2

X ⊗ N ) by
Hodge theory for unitary local systems. As a consequence, there exists an open covering (Ui)i∈I of X as well
as submersions fi : Ui → C and flat sections si of N |Ui

such that ω|Ui
= dfi ⊗ si. The fi define F and satisfy

fi = aijfj + bij on Ui ∩ Uj with aij ∈ C∗ and bij ∈ C. In other words, F is transversely affine. Let i0 ∈ I and
let

ρ : π1(X) → Aff(C)
be the representation obtained by analytic continuation of fi0 along loops based at some point x0 ∈ Ui0 , where
Aff(C) is the group of affine automorphism of C. There exists a 1-cocycle τ : π1(X) → C such that, for any
γ ∈ π1(X) and any z ∈ C, we have

ρ(γ)(z) = χ−1(γ)z + τ(γ).

Suppose that [τ ] = 0 ∈ H1(π1(X),Cχ). In other words, τ is a 1-coboundary. Then ρ fixes a point z0 ∈ C. This
implies that F has a developing map X → C, giving a contradiction since X is compact by assumption. This
shows that [τ ] ̸= 0 ∈ H1(π1(X),Cχ).

We argue by contradiction and assume that χ is not torsion. By [ABCAM13, Theorem 5.1], ρ factors through
a map f : X → Y to an orbifold Y of dimension one. This implies that F is algebraically integrable. Moreover,
there is an identification N ∼= f∗TY . It follows that either Y is a (smooth) projective curve of genus 1 or the
coarse moduli space of Y is isomorphic to P1 since c1(N ) = 0 by assumption. In either case, N is torsion.
This gives a contradiction, finishing the proof of the theorem. □

Question 7.8. Let F be regular foliation on a complex projective manifold X with normal bundle N . Suppose
c1(N ) = 0. One may ask if detN is torsion.
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