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In this paper, we address Fano manifolds of dimension n> 3 with a locally unsplit dom-
inating family of rational curves of anticanonical degree n. We first observe that their
Picard number is at most 3, and then we provide a classification of all cases with max-
imal Picard number. We also give examples of locally unsplit dominating families of

rational curves whose varieties of minimal tangents at a general point are singular.

1 Introduction

Let X be a Fano manifold, and let V be a dominating family of rational curves on X. By
this, we mean that V is an irreducible component of RatCurves™(X), the scheme param-
eterizing integral rational curves on X, and that the union of the curves parameterized
by V is dense in X.

We say that V is locally unsplit if for general x € X, the subfamily V; of curves
containing x is proper. This is true, for instance, if V is a dominating family with mini-
mal degree with respect to some ample line bundle on X.

When V is locally unsplit, the anticanonical degree of the curves of the family

can vary between 2 and n+ 1, where nis the dimension of X.
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2 C. Casagrande and S. Druel

Following Miyaoka [30], we define [x to be the minimal anticanonical degree of
a locally unsplit dominating family of rational curves in X, so that Iy {2,...,n+ 1}.
Equivalently, Ix is the minimal anticanonical degree of a free rational curve in X (see
Remark 4.2).

In this paper, we study Fano manifolds with a locally unsplit dominating family
of rational curves of anticanonical degree n, including in particular Fano manifolds X
with Ix =n.

Let us recall the following results, due, respectively, to Cho, Miyaoka, and

Shepherd-Barron (see also [24]), and to Miyaoka.

Theorem 1.1 ([8]). Let X be a Fano manifold of dimension n. The following properties

are equivalent:

(i) X has alocally unsplit dominating family of rational curves of maximal anti-
canonical degree n+ 1;
(i) xX=pn

In particular, [y =n+ 1 if and only if X = P". O

Theorem 1.2 ([30]). Let X be a Fano manifold of dimension n> 3, and with Picard num-

ber px =1. Then Ix =nif and only if X is isomorphic to a quadric. O

On the other hand, there are also cases where [y =nand px > 1.

Example 1.3 ([30, Remark 4.2]). Let AC P" be a smooth subvariety, of dimension n— 2
and degree de {1, ..., n}, contained in a hyperplane. Let X be the blow-up of P" along A.
Then X is Fano with px =2 and lx = n. The locally unsplit dominating family of rational
curves of anticanonical degree nis given by the strict transforms of lines intersecting A

in one point. O

First of all, we show that in fact these are the only examples.

Theorem 1.4. Let X be a Fano manifold of dimension n> 3, with px > 1 and ly = n. Then
there exists a smooth subvariety A C P" of dimension n— 2 and degree de {1, ..., n}, con-

tained in a hyperplane, such that X is isomorphic to the blow-up of P" along A. O

Together with Miyaoka's result (Theorem 1.2), this gives a complete classification

of Fano manifolds with Iy =n.
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Locally Unsplit Families of Rational Curves 3

Then we turn to the case where X is a Fano manifold having a locally unsplit
dominating family of rational curves of anticanonical degree n, where n> 3 is the dimen-
sion of X. Note that this assumption is easier to check than the condition Iy =n, as it
involves only one family of rational curves.

In the toric case, these varieties have been classified by Chen, Fu, and Hwang.

Proposition 1.5 ([7, Proposition 3.8]). Let X be a toric Fano manifold, of dimension n> 3,
having a locally unsplit dominating family of rational curves of anticanonical degree n.

Then X is one of the following:

(1) the blow-up of P" at a linear P2 (here p =2 and lx = n);

(2) P! x P*! (here p=2 and lx =2);

(3) the blow-up of P" at AU {p}, where A is a linear P" 2, and p a point not in A
(here p =3 and lx = 2). O

We show that if X has a locally unsplit dominating family V of rational curves
of anticanonical degree n, then the Picard number of X is at most 3 (see Proposition 4.7).
Moreover, we classify all cases with px =3, giving a complete description of X and V.
Let us describe our results.

We first construct and study a family of examples.

Example 1.6. Fix integers n, a, and d such that n>3, d>1, and 0 <a <d. Let moreover
AC P*! be a smooth hypersurface of degree d.

Set YV:=Ppn1(Opn1 @ Opni(a)), and let Gy =P™! C Y be a section of the P!-bundle
Y — P™ ! with normal bundle Ne, v & Opri(a).

Finally, set Ay := Gy N7~'(A) (so that Ay = A), and let 6 : X — ¥ be the blow-up
of Ay.

Then X is smooth of dimension n and Picard number 3, and it is Fano if and only
ifa<n—1and d— a<n- 1. In the Fano case, these varieties appear in [31], where the
author classifies Fano manifolds containing a divisor G =P"* ! and with negative normal
bundle. O

Proposition 1.7. Let X be as in Example 1.6. Then X has a locally unsplit dominating

family V of rational curves of anticanonical degree n. d

Then we show that these are all the examples with p > 3.
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Theorem 1.8. Let X be a Fano manifold of dimension n> 3, and suppose that X has a
locally unsplit dominating family V of rational curves of anticanonical degree n. Then
px < 3.

If moreover px =3, then X is isomorphic to one of the varieties described in

Example 1.6, and the family V is unique. O

We study in more detail the family of curves given by Proposition 1.7. For x € X,
we denote by Vy the normalization of the closed subset of VV parameterizing curves con-

taining x.

Theorem 1.9. Let X and V be as in Proposition 1.7, and x € X a general point. Let ze P*!
be the image of x under the morphism X — P*!, and let p,: A— P" 2 be the degree d
morphism induced by the linear projection P> ! --s P*2 from z.

Then V, is smooth and connected. If a=0, then V, =ZP" 2. If a > 0, then V, is iso-
morphic to the relative Hilbert scheme Hilb[“](A/}P’”‘z) of zero-dimensional subschemes,

of length a, of fibers of p,. O

Finally, we consider the variety of minimal rational tangents (VMRT) associated

to the locally unsplit family V at a general point x, defined as follows. Let
Ty Vy - P(Tx )

be the map defined by sending a general curve from V; to its tangent direction at x, and
define the VMRT Cy to be the closure of image of 7, in P(Tg ). We still denote by 7, the

induced map Vy — Cy; this is, in fact, the normalization morphism by [21, 25].

Theorem 1.10. Let X and V be as in Proposition 1.7, and x € X a general point.

(1) The VRMT C, C P(T§ ) is an irreducible hypersurface of degree (2)

(2) Ifae{0,1,d-1,d}, then ty: Vy — Cyx is an isomorphism.

(38) If 2<a<d- 2, then t,: Vy— Cy is not an isomorphism. More precisely, the
closed subset where 1y is not an isomorphism has codimension 1, and the

closed subset where 74 is not an immersion has codimension 2. O

This provides the first examples of locally unsplit dominating families of ratio-
nal curves whose VMRT at a general point x is singular, equivalently such that
7y : Vy — Cy is not an isomorphism (see [18, Question 1; 26, Problem 2.20; 19; 20]). Note
that if 2<a<d- 2, then V is not a dominating family of rational curves of minimal

degree (see Remark 5.4).
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In [20], Hwang studies projective manifolds X having a locally unsplit dominat-
ing family V of rational curves of anticanonical degree equal to the dimension of X.
Under the assumption that the VMRT of V at a general point is smooth, he gives a bira-
tional description of X, see [20, Theorem 1.4].

In order to prove Theorems 1.9 and 1.10, we are led to study relative Hilbert
schemes of zero-dimensional subschemes of the projection of a smooth hypersurface

from a general point. We obtain the following result, of independent interest.

Theorem 1.11. Fix integers m, a, and d, such that m>1 and 1 <a<d. Let AC P™*! be
a smooth hypersurface of degree d. Let ze P! be a general point, and let A— P™ be
the morphism induced by the linear projection from z where we identify P™ with the

variety of lines through zin P™*!,

(1) The scheme Hilb[“](A/IP’m) is connected and smooth of dimension m, and the
natural morphism /7 : Hilb"“(A/P™) — P™ is finite of degree (Z)

(2) Let £ c P™*! be a line through z and let [W] € Hilb[“](A/IPm) be a point over
[¢] e P™. Then [T is smooth at [W] if and only if W is a union of irreducible
components of £ N A. |

Note that the smoothness of Hilb®(4/P™) was proved by Gruson and Pesk-
ine [16, Theorem 1.3], with different methods. Our proof is independent from Gruson

and Peskine, and relies on Theorem 1.9.

1.12. Outline of the paper. In Section 2, we introduce notations used in the remainder
of the paper, and we discuss some properties of families of rational curves.

In Section 3, we study Fano manifolds X of dimension n> 3 having a prime divi-
sor D with pp =1, using techniques from the Minimal Model Program, and in particular
results from [4]. It follows from [31, Proposition 5] that px < 3; we study the cases px =2
and px = 3. In the case px =2, we describe the possible extremal contractions of X (see
Remark 3.2 and Proposition 3.3). Then, we give a complete classification of these vari-
eties when px = 3, see Example 3.4 and Theorem 3.8. This generalizes results from [5, 31]
for the case D =P"! and negative normal bundle.

In Section 4, we specialize the results of the previous section to the case where
X has a locally unsplit dominating family V of rational curves of anticanonical degree
n. Indeed, for general x € X, any irreducible component of the locus swept out by curves

of the family through x is a divisor D with pp = 1. This yields px < 3.
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We first prove Theorem 1.4 on the case [y =n. Next we show that, under the
assumptions of Theorem 1.8, if moreover px = 3, then X is isomorphic to one of the vari-
eties described in Example 1.6, and we determine the class of the family V in N;(X)
(see Proposition 4.7). Finally, when px =2, we describe the possible extremal contrac-
tions of X (see Lemma 4.5). In this section, we use repeatedly the characterization of the
projective space given by Theorem 1.1.

In Section 5, we first construct a locally unsplit dominating family of rational
curves on the varieties introduced in Example 1.6, proving Proposition 1.7. With the
use of Proposition 4.7, we also show that the family is unique, completing the proof
of Theorem 1.8. Finally, we show Theorems 1.9 and 1.10, using Theorem A.1 from the
Appendix (Section 5).

In Section 5, we discuss the relative Hilbert scheme Hilb[“](A/IP’m), where
A— P™ is the projection of a smooth hypersurface AcCP™*! from a general point.
We first study local properties of the natural morphism I7 :Hilb“(4/P™) — P™, and
we show that Hilb[“](A/]P’m) is integral (see Theorem A.1). This is used in the proof of
Theorem 1.9.

In Theorem A.1, we also determine the genus of the curve Hilb[“](A/IP’l); together
with the description of the fibers of I7, this is crucial for the proof of Theorem 1.10.

At last we prove that the Hilbert scheme is smooth (Theorem 1.11), as a conse-

quence of Theorem 1.9. O

2 Notations and Preliminaries

Throughout this paper, we work over the field of complex numbers.

We will use the definitions and apply the techniques of the Minimal Model Pro-
gram frequently, without explicit references. We refer the reader to [11, 28] for back-
ground and details.

For any projective variety X, we denote by N;(X) (respectively, N''(X)) the vec-
tor space of one-cycles (respectively, Cartier divisors), with real coefficients, modulo
numerical equivalence. We denote numerical equivalence by =, for both one-cycles and
Q-Cartier divisors. We denote by [C] (respectively, [D]) the numerical equivalence class
of a curve C (respectively, of a Cartier divisor D). Moreover, NE(X) C NV;(X) is the convex
cone generated by classes of effective curves.

For any closed subset Z C X, we denote by N1(Z, X) the subspace of N1(X) gen-
erated by classes of curves contained in Z.

If D is a Cartier divisor in X, we set D+ :={y e V{(X)| D -y =0}.
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If X is a normal projective variety, a contraction of X is a surjective morphism
¢ : X — Y, with connected fibers, where Y is normal and projective. The contraction is
elementary if px — py = 1.

Let R be an extremal ray of NE(X). If D is a divisor in X, the sign of D - R is the
sign of D - I', I" a nonzero one-cycle with class in R.

Suppose that Kx - R<0, and let ¢ : X — Y be the associated elementary contrac-
tion. We set Locus(R) := Exc(¢), the locus where ¢ is not an isomorphism.

By a P!-bundle we mean a smooth morphism whose fibers are isomorphic to P,
while a morphism is called a conic bundle if every fiber is isomorphic to a plane conic.

If & is a vector bundle on a variety Y, we denote by Py(&) the scheme
Projy (Sym(&)).

We refer the reader to [27, §II.2 and IV.2] for the main properties of families
of rational curves; we will keep the same notation as [27]. In particular, we recall that
RatCurves”(X) is the normalization of the open subset of Chow(X) parameterizing inte-
gral rational curves.

By a family of rational curves in X, we mean an irreducible component V of
RatCurves”(X). We say that V is a dominating family if its universal family dominates
X. We say that V is locally unsplit if, for a general point x € X, the subfamily of ¥V param-
eterizing curves through x is proper.

Let V be a locally unsplit dominating family of rational curves on X. The class in
N1(X) of a curve C from V does not depend on the choice of C, and will be denoted by [V].

We denote by [C] € V a point corresponding to the integral rational curve C C X.
We warn the reader that this is the same notation as for the numerical equivalence class
of the curve C in N;(X). Unfortunately both notations are standard; however, it will be
easy for the reader to understand from the context whether we are considering the point
[Clin V or in M7 (X).

For x € X, we denote by V; the normalization of the closed subset of V parame-
terizing curves through the point x, and by Locus(Vy) C X the union of all curves of the
family V.

We denote by Hom(P!, X, 0 — x) the scheme parameterizing morphisms from P!
to X sending 0 € P! to x.

We now recall some well-known properties.

Suppose that xe€ X is general. Then every curve in V, is free. This implies
that V, is smooth, of dimension —Kyx - [V] — 2, but possibly not connected. Moreover,
there is a smooth closed subset T7X C Hom(P!, X, 0 x), which is a union of irre-

ducible components, containing all birational maps f:P! — X such that f(0)=x and
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f(P') is a curve of the family V. There is an induced smooth morphism Vv, — V,,
sending [ f] to [ f(P)].

Still for a general point x, if a curve from V; is smooth at x, then it is parameter-
ized by a unique point of V.

We say that an integral rational curve C C X is standard if the pull-back of Tx|c

under the normalization P! — C is Op(2) ® Op (1)P & ﬁgflfp for some pe{0,...,n—1}.

3 Fano Manifolds Containing a Prime Divisor with Picard Number One

In this section, we study Fano manifolds X having a prime divisor D with pp =1, or
more generally dim A (D, X) = 1. The main technique here is the study of extremal rays
and contractions of X.

The first step for the proofs of Theorems 1.4 and 3.8 is the following lemma. It is
a standard application of Mori theory, in particular the proof can be adapted from [31,
proof of Proposition 5], and follows the same strategy used in [5]. We give a short proof

for the reader’s convenience.

Lemma 3.1. Let X be a Fano manifold of dimension n> 3 and Picard number px > 1, and
let D C X be a prime divisor with dim A; (D, X) = 1. Then one of the following holds:

(i) px=2 and there exists a blow-up o : X — Y with center Ay C Y smooth of
codimension 2, Y is smooth and Fano, and D - R > 0, where R is the extremal
ray of NE(X) generated by the class of a curve contracted by o;
(ii) px =2 and there exists a conic bundle ¢ : X — Y, finite on D, such that Y is
smooth and Fano;
(iii) px =23 and there is a conic bundle ¢: X — Z, finite on D, such that Z is
smooth, Fano, and p; = 1. The conic bundle ¢ is the contraction of a face
R+ R of NE(X), where R and R both correspond to a smooth blow-up of a

codimension 2 subvariety. Moreover, D - R > 0, and we have a diagram:

X

1%

SN
AN

zZ
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where o is the contraction of R, & is the contraction of R, ¥ and Y are smooth,
Y is Fano, the center Ay C Y of the blow-up o is contained in Dy :=o (D), and

7 and 7 are conic bundles. O

Proof. Let R be an extremal ray of NE(X) with D- R> 0, and o : X — Y the associated
contraction.

If RC Ni(D, X), then every curve contained in D has class in R, hence o(D) is a
point and D C Locus(R). We conclude that Locus(R) = X, because D - R> 0. On the other
hand, since px > 1, we can find a nontrivial fiber F of o disjoint from D, which yields
D - R=0, a contradiction. Therefore R ¢ N, (D, X).

This implies that o is finite on D, therefore every nontrivial fiber of o has dimen-
sion 1. Thus, Y is smooth and there are two possibilities: either ¢ is a conic bundle, or
it is the blow-up of Ay C Y with Ay smooth of codimension 2 (see [32, Theorem 1.2]).

If o is a conic bundle, then py =1 because o (D) =Y, so we are in case (ii). If o is
a blow-up and py =1, then we are in case (i).

Assume that o is a blow-up and py > 2, and set Dy:=o (D). Then Dy is a prime
divisor in Y and NV; (Dy, Y) =0, (N1(D, X)), hence dim N (Dy, Y) = 1. Moreover, Ay C Dy.

Let E C X be the exceptional divisor. We have —Kx + E =0*(—Ky). If C C Ay is
an irreducible curve, and C’ C Dy is an irreducible curve not contained in Ay, then there
exists A € Q.g such that C =AC’, sothat —Ky - C =A(—Ky-C)=A(—Kx-C)+ A(E-C) >0,
where C is the strict transform of €’ in X. This implies that ¥ is Fano (see [32]).

We repeat the same argument in Y and take an extremal ray R, C NE(Y) with
Dy - Ry, > 0.

Similarly, as before we see that R, ¢ NV;(Dy, Y), so that again, if 7 : Y — Z is the
contraction of R,,  is finite on Dy and has fibers of dimension at most one. Hence as
before i is either a conic bundle or the smooth blow-up of a subvariety of codimension
2in Z.

If 7 is a conic bundle, then pz; =1 because n(Dy)=Z, so px=3. Set ¢p:=moo:
X — Z; then ¢ has a second factorization x% V2 7. since every fiber of ¢ has dimen-
sion 1, both ¢ and 7 have fibers of dimension < 1. Applying [1, Theorem 4.1] we conclude
that ¢ and 7 are conic bundles, Y is smooth, and & the blow-up of a smooth subvariety
of codimension 2, so we are in case (iii).

Finally, = cannot be a blow-up. Indeed if so, Exc(wx) is a prime divisor
which intersects Dy, and since dimN;(Dy, Y) =1, Exc(xwr) has strictly positive inter-

section with every curve contained in Dy. In particular, Exc(7) must intersect Ay, as
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dim Ay =n— 2> 1. If F is a nontrivial fiber of 7 with F N Ay #, and F C X is its strict

transform, one has —Kx - F < —Ky - F =1, a contradiction. [ |

Remark 3.2 and Proposition 3.3 describe the possible extremal contractions of X

in the case px = 2.

Remark 3.2. Let X be a Fano manifold, and D C X a prime divisor with dim A (D, X) =1.
If D is not nef, then there exists a unique extremal ray R such that D - R < 0; the con-
traction associated to R is divisorial and sends D to a point.

Indeed, let R be an extremal ray of NE(X) such that D- R<0, and o the asso-
ciated contraction. Note that Exc(o) € D since D - R < 0. On the other hand, every curve
contained in D has class in R since dim A; (D, X) = 1. This implies that D = Exc(c), and
that o (D) is a point. O

Proposition 3.3. Let X be a Fano manifold of dimension n> 3 and Picard number px = 2,
and let D C X be a nef prime divisor with dim A7 (D, X) =1. Then S:= D' NNE(X) is an

extremal ray of X, and one of the following holds:

(i) the contraction of S is a fiber type contraction onto P!, having D as a fiber;
(ii) the contraction of S is divisorial, sends its exceptional divisor G to a point,
and GND=¢;
(iii) the contraction of S is small, it has a flip X --+ X', X’ is smooth, and there is
a P'-bundle v : X’ — Y'. Moreover,  is finite on the strict transform of D in
X'

Furthermore, if there exists a smooth, irreducible subvariety AC D, of codimension 2,

such that the blow-up of X along A is Fano, then (iii) cannot happen. O

Proof.

3.3.1. We first note that D is not ample, because N7(D, X) C N;(X). Indeed, the push-
forward of one-cycles Nj(D)— N;(X) is not surjective, so that the restriction map
NY(X) — NY(D) is not injective. We have N'(X)= H?(X,R) (because X is Fano) and
N1(D) — H?(D,R), hence the restriction map H?(X,R) — H?(D,R) is not injective as
well. By the Lefschetz Theorem on hyperplane sections, D cannot be ample (recall that
n>3).

Since D is nef and nonample, and px =2, we conclude that D+ NNE(X) is an
extremal ray S of NE(X). Set G :=Locus(S) C X. O
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3.3.2. If SCNi(D, X), then the contraction of S sends D to a point, and hence D C G.
On the other hand D - S=0, thus D is the pull-back of a Cartier divisor. Therefore, the

target of the contraction of Sis P!, D is a fiber, and we are in case (i). O

3.3.3. We assume that S ¢ NV (D, X). If G N D # @, then D must intersect some irreducible
curve C with class in S, and this yields C C D, because D - C = 0. This contradicts S ¢
Ni1(D, X), therefore G N D = (. In particular, the contraction of S is birational. Finally,
Ni1(G, X) € D* has dimension 1; this implies that the contraction of S maps G to points.

If Sis a divisorial extremal ray, then we are in case (ii). O

3.3.4. Suppose now that the contraction of S is small; by [4, Corollary 1.4.1] the flip
X --» X' of Sexists. Let D' C X’ be the strict transform of D, S’ the small extremal ray of
X' associated with the flip, and G’ := Locus(S).

Note that G N D' =@, as GN D =4.

Note also that X’ has normal, Q-factorial, and terminal singularities, and
Sing(X’') € G'. We have px = px =2 and Kx - S > 0; on the other hand, a curve disjoint
from G’ has positive anticanonical degree. In particular, by the Cone Theorem, X’ has a

second extremal ray T with —Kx - T > 0, and
NE(X)=R50S + R5oT.

Since the flip X --+ X’ is an isomorphism in a neighborhood of D, the linear sub-
space N1(D', X') = N1 (D, X) stays one-dimensional. Moreover D’ - S' =0, hence we must
have D'- T > 0.

Let ¢ : X’ — Y’ be the contraction of T. Arguing as in the proof of Lemma 3.1, we
see that T ¢ N1(D’, X’). Since the contraction of S sends G to points, the contraction of
S’ sends G’ to points. This implies that every curve in G’ has class in the extremal ray S'.

We deduce that ¢ is finite on both D’ and G'.

In particular, since D’ - T > 0, every nontrivial fiber of ¢ has dimension 1. O
3.3.5. Let C be an irreducible component of a nontrivial fiber of y. If C N G’ # ¢4, then:
—Kyx -C > 1.
Indeed, if C C X is the strict transform of C, we have —Kx - C > —Kx - C > 1. This follows
from [28, Lemma 3.38], see [6, Lemma 3.8] for an explicit proof. O

3.3.6. We show that v is of fiber type. By contradiction, assume that  is birational.
Suppose that Exc(y¥) N G’ # ¥, and let Fy be an irreducible component of a fiber
of ¢ which intersects G'. Note that Fy Z G’ (since ¢ is finite on G’), in particular
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Fy £ Sing(X'). We obtain —Kx - Fp <1 by [22, Lemma 1.1], and —Kx - Fp > 1 by 3.3.5, a
contradiction.

Therefore Exc(y¥) N G' =0, so that Exc(y) is contained in the smooth locus of
X'. By [32, Theorem 1.2], Exc(y) is a divisor. We have Exc(y¥) - S'=0 and Exc(y) - T <0,
hence —Exc(y) is nef, a contradiction.

Thus, ¥ is of fiber type. O

3.3.7. We show that ¥ : X’ — Y’ is a P!-bundle with X’ and ¥’ smooth, so that we are in
case (iii).

Since Sing(X’) cannot dominate Y’, the general fiber of v is a smooth rational
curve of anticanonical degree 2.

Suppose that there is a fiber F of i such that the corresponding one-cycle is
not integral and G’ N F # @. Then there is an irreducible component C of F, such that
—Kyx-C<1.If CNG' =0, then —Kx is Cartier in a neighborhood of C, and we must
have —Kx - C =1 and —Kyx - (F — C) =1 (where we consider F as a one-cycle). Thus, up
to replacing C with another irreducible component of F, we may assume that C N G’ # 0,
and —Kx - C <1, but this contradicts 3.3.5.

By [27, Theorem I1.2.8], ¥ is smooth in a neighborhood of ¥ ~!(¥(G’)). Thus
Sing(X’) = ¢ ~1(Sing(Y’") N ¥/(G’)), because Sing(X’) C G'. This implies that Sing(X’) =4,
since v is finite on G’. In particular, Y’ is smooth (see [1, Theorem 4.1(2)] and refer-
ences therein), ¢ is a conic bundle, and either the discriminant locus A of ¥ has pure
codimension 1 or A=¢. If A+, then A is an ample divisor in Y’, because py =1.
Hence (G') N A#® (¢ is finite on G’ and dim G’ > 1), a contradiction. This proves that
¥ : X' — Y’ is a P!'-bundle with X’ and Y’ smooth. O

3.3.8. Suppose now that we are in case (iii), and that there is a smooth irreducible sub-
variety AC D of codimension 2, such that the blow-up of X along A is Fano. We show
that this gives a contradiction.

Let A’ C D’ the strict transform of A, and let us consider the divisor ¥ *(¢¥(4')) in
X'. Since y*(¥(4")) - T =0, we must have y*(y(4’)) - S’ > 0. Therefore, we find a fiber F’
of ¢ which intersects both A" and G'.

Let F C X be the strict transform of F’. As in 3.3.5, we see that —Kx-F <
—Kx -F' =2, so that —Ky-F=1. On the other hand, FN A#¢¥ and F Z A, hence the
strict transform of F in the blow-up of X along A should have nonpositive anticanonical

degree, a contradiction. [ ]
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Fig. 1. The blow-upo.

We will show that any Fano manifold X with px =3 having a prime divisor D
with dim NV (D, X) =1 is isomorphic to one of the varieties described below.

We first recall the following definition for the reader’s convenience. Let .Z
be an ample line bundle on a normal projective variety Z. Consider the P!-bundle
Y=P;(0; &%), with natural projection n : Y — Z. The tautological line bundle 0y (1)
is semiample on Y. For m > 0, the linear system |0y (m)| induces a birational morphism
Y — Yy onto a normal projective variety, contracting the divisor E =Pz (0z) = Z C Y cor-
responding to the projection 0; & . — 07 to a point. Following [3], we call Y, the normal

generalized cone over the base (Z,.%).

Example 3.4. Fix integers n, a, and d, such that n>3,a>0, and d> 1.

Let Z be a Fano manifold of dimension n— 1, with pz; = 1. Let &z(1) be the ample
generator of Pic(Z). If m is an integer, then we write &z(m) for 07(1)®™. Let moreover
A€ |0z(d)| be a smooth hypersurface.

Set V:=P,(0; ® 0;(a)), and let 7 : Y — Z be the P!-bundle.

If a> 0, then there is a birational contraction ¥ — ¥; sending a divisor Gy to a
point, where Yy is the normal generalized cone over (Z, 0z(a)). We have Gy = Z, Gy is a
section of 7, and Ng,, v = 07 (—a).

If a=0, then Y= Z x P. Let Gy be a fiber of Y— P!. We have Gy = Z, Gy is a
section of 7, and Ng, /v = 0.

Let now Gy=Z C Y be a section of 7 with normal bundle Néy/yé Uz (a). Note
that GyNGy=0@ if a> 0. If a=0, we choose Gy such that Gy NGy =0. Set Ay:=GyN
77 1(A). Finally, let o : X — Y be the blow-up of Ay (see Figure 1). O

Then X is a smooth projective variety of dimension n, with px = 3.
Let G, G C X be the transforms of Gy, @y C Y, respectively. Then G = G = Z,
N x = 0z(—a), and Ng x = 0z(—(d - a)).
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Table 1. Intersection table in X.

F F Cg Cq Cc + asF
E -1 1 0 ds as
E 1 -1 ds 0 (d—a)s
G 0 —as 0 0
G 1 0 0 —(d—a)$ 0
—Kx 1 1 (z-a8 (iz—(d—a)s iz

The composition ¢:=moo:X—Z is a conic bundle, and has a second

factorization:

where Y=P,(0, ® 0,(d— a)). The images 6(G) and 6(G) are disjoint sections of the
P!-bundle # : ¥ — Z, with normal bundles Na«;)/f/ = 0z(d— a) and N&(é)/f, =0z(a— d).
Moreover, ¢ is the blow-up of 14 along the intersection 6 (G) N 771 (4).

Set E:=Exc(o) and E:=Exc(6), and let F C E and F C E be exceptional fibers
of o and &, respectively. Let moreover C; C Z be an irreducible curve having minimal
intersection with &;(1), and set § := (1) - Cz. Finally, let Cc C G and Cs C G be curves

corresponding to Cz. We have the following relations of numerical equivalence:
Ce +aSF=Cg+ (d— a)sF, dG + aE =dG + (d— a)E, (3.1)

and the relevant intersections are shown in Table 1, where i, is the index of Z, that is,
the integer defined by 0z (—Kz) = 0 (iz).

Lemma 3.5. The cone NE(X) is closed and polyhedral.

If a=0, then NE(X) has three extremal rays, generated by the classes of F, ﬁ',
and C;, with loci E, E, and G, respectively.

If a>d, then NE(X) has three extremal rays, generated by the classes of F, F,
and C¢, with loci E, E, and G, respectively.
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If instead 0 <a <d, then NE(X) is nonsimplicial and has four extremal rays,

generated by the classes of F, 13', Cg, and Cp, with loci E, ﬁ', G, and @, respectively. [

Proof. Set R:=R-¢lF], R:= Rzolﬁ'], S:=R.o[C¢], and S:= R-o[Cs]. We already know that
R and R are extremal rays of NE(X), and that R+ Ris a face.

Since & := 07 & 0z (a) is nef and nonample, ﬁy(@y) = Op,&)(1) is nef and non-
ample in Y, and the same holds for o*(Gy) =G + E in X. It is not difficult to see that
(é + E)" NNE(X) = R+ S. In particular, this shows that S is an extremal ray of NE(X),
so that there exists a nef divisor H such that H- N NE(X) = S.

If 0 <a<d, then similarly as before 6(G) is nef and nonample in Y, so that
6*(6(G)) =G + E is nef in X. The plane (G + E)! intersects NE(X) along the face R+S;
in particular, S is an extremal ray.

Finally, the divisor
D:=(—G-Ca)H+ (H-Cp)G

is nef, it is not numerically trivial, and D-S=D - S=0. Therefore D+ N NE(X)=S+ S,
and we obtain the statement in the case 0 <a < d.

If instead a > d, then 6 (G) is nef, nonample in Y, so that G = 6*(6(G)) is nef, and
does not intersect G. We obtain G+ N NE(X) = R+ S, which gives the statement in the
case a>d.

The case a= 0 follows from the case a =d, see Remark 3.7. [ |

A straightforward consequence of Lemma 3.5 is the following.

Remark 3.6. X is Fano if and onlyifa<iz; —1andd—a<iz; — 1.

Indeed, since NE(X) is closed and polyhedral, X is Fano if and only if every
extremal ray of NE(X) has positive intersection with the anticanonical divisor (see
Table 1). O

Remark 3.7. Suppose that a < d. Then by choosing @' = d — a, we get a variety X’ isomor-
phic to X, with the roles of Y and ¥ interchanged. O

Example 1.6 is a special case of this example, with Z =P" !, and the additional
condition a <d.
We are now in position to prove the main result of this section; see [15] for a

related result.
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Theorem 3.8. Let X be a Fano manifold of dimension n> 3 and Picard number px =3,
and let D C X be a prime divisor with dim N (D, X) = 1. Then X is isomorphic to one of

the varieties described in Example 3.4. O

Note that if X is as in Example 3.4, then G is a prime divisor with pg =1, and
hence dim NV (G, X) = 1.
Proof of Theorem 3.8.

3.8.1. As px =3, we are in case (iii) of Lemma 3.1, and there is a conic bundle ¢ : X — Z,

finite on D. We keep the same notation as in Lemma 3.1; in particular, we recall the

diagram:
X
Y v Y

Z

We set E :=Locus(R) and E:= Locus(f%). Note that D # E because ¢ is finite on D, hence
D - R>0. Thus, we may have D - R>0 (if DN E #@) or D- R=0 (if D N E =¢). In the first
case, 0 : X — Y and 6 : X — ¥ have the same properties with respect to X and D, so that
their role is interchangeable, while in the second case the behavior of the two blow-ups

with respect to D is different. O

3.8.2. We show that every prime divisor B C X must intersect E U E.

We first note that o(B) No (E) #¢ in Y. Indeed, if 7 (0 (B)) = Z, then the claim is
obvious. Otherwise, o(B) =7 (¢(B)), and the claim follows from pz = 1. Thus, if Ay N
o(B) #0, then B intersects E. Otherwise, B intersects E. O

3.8.3. We show that 7 :Y— Z is a smooth morphism. Otherwise, it has a nonempty
discriminant divisor A C Y, whose inverse image o~'(A) must be disjoint from E U E

since X is Fano, which contradicts 3.8.2. O

3.8.4. Let us consider the prime divisor Dy=o0(D)CY. We have Ni(Dy,Y)=
0.(NM1(D, X)), hence dim N, (Dy, Y) =1.
We show that up to replacing D with another prime divisor D’ C X, we can

assume that Dy is nef.
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Suppose that Dy is not nef. Then Dy is the exceptional locus of a divisorial con-
traction Y — Y, sending Dy to a point, by Remark 3.2. The exceptional locus of the com-
posite map X — Yy is D U E, and is contracted to a point in Y. In particular, D is not nef
either (see for instance [28, Lemma 3.39]).

Let D’ C X be the pull-back of a general prime divisor in Yy. Then D’ is a prime
nef divisor in X, and D’ N (D U E) = @. Note that the classes [D] and [E] in A’} (X) cannot
be proportional, therefore the planes D+ and E* in N;(X) are distinct. As N;(D’, X) C
D+ N E*, we obtain dim V7 (D, X) =1.

By 3.8.2, we have D'N F:';é[d, hence D' - R> 0. Moreover, as D’ is nef, we must
have 6 (D’) nef too. This shows that up to replacing D with D’, and R with R, we can

assume that Dy is nef. O

3.8.5. By 3.8.4, we can assume that Dy is nef. Then Proposition 3.3 applies, and Dy N
NE(Y) is an extremal ray Sy of NE(Y). Moreover, since Ay C Dy and the blow-up of Y
along Ay is Fano, case (iii) of Proposition 3.3 is excluded.

Suppose that we are in case (i) of Proposition 3.3. Then Y= Z x P! (see for
instance [6, Lemma 4.9]), and Dy is a fiber of Y — P!. Since Ay C Dy, X is isomorphic
to one of the varieties described in Example 3.4, with a = 0. This completes the proof of

Theorem 3.8 in this case. O

3.8.6. We assume that we are in case (ii) of Proposition 3.3, so that the extremal ray Sy is
divisorial, its contraction sends the divisor Gy := Locus(Sy) to a point, and Dy N Gy =#.
In particular, dim A7 (Gy, Y) =1.

Denote by 07(1) the ample generator of Pic(Z). By Lemma 3.9, Gy C Y is a section
of 7 : Y — Z, and there exists an integer a > 0 such that N, )y = 0z(—a) and Y=Pz(0; &
Oz(a)). O

3.8.7. Suppose that there exists a section Gy C Y of 7 :Y — Z, disjoint from Gy, and

containing Ay. We claim that this implies the statement. Indeed, we have
Ov(Gy) = Oy(Gy) ® n*(02(r)

for some r € Z, and since Gy N éy =), restricting to Gy we obtain r = g, and restricting
to Gy we obtain /\féy/y = 0z(a). Thus, X is one of the varieties described in Example 3.4,
for a > 0. O

3.8.8. Let G C X be the strict transform of Gy. We have G N (D U E) = since Gy N Dy =0,
and hence G N E # ¢ by 3.8.2.
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Let us consider now the image 6(G) C Y. Then 6(G) is a section of #, so that
6(G) = Z and ps () = 1. Moreover, 6 (G) contains the center A; C Y of the blow-up &. This

also implies that Y is Fano, as in the proof of Lemma 3.1. O

3.8.9. Suppose now that there exists a section H C ¥ of # : ¥ — Z, disjoint from & (G).
Then its strict transform in Y yields a section of 7 : Y — Z, disjoint from Gy, and con-
taining Ay, and this implies the statement by 3.8.7.

In order to construct such H, we consider the divisor Dy :=6(D) C Y. Note that
dim N (Dy, f/) =1, and that the two divisors D; and 6 (G) are distinct, because G N D =0
in X. O

3.8.10. Suppose first that Dy, is not nef. By Remark 3.2, Dy, is the exceptional locus of a
divisorial contraction sending Dy to a point. Then, by Lemma 3.9, Dy, is a section of 7.
Moreover, we have Dy - C >0 for every curve C C 6(G), because Dy #6(G) and
Psc) = 1. Since Dy is not nef, the divisors Dy and 6(G) must be disjoint, and we can set
H :=Djy. U

3.8.11. We assume now that D is nef. Then Proposition 3.3 applies, and Dé NNE(Y) is
an extremal ray S; of NE(Y).

We claim that case (iii) of Proposition 3.3 cannot happen, namely that S; cannot
be small. Indeed, this follows from Proposition 3.3 if Ay C Dy, namely if DN E #0. If
instead D N E =@, then 6(G) N Dy =, hence the contraction of S; sends 6(G) to a point,
and it cannot be small.

Suppose that we are in case (i) of Proposition 3.3. As in 3.8.5 we see that ¥ =
Z x P!, and Dy and 6 (G) are fibers of the projection Y — PL. Thus, we can define H to be
a general fiber of the projection ¥ — P!,

Finally, suppose that we are in case (ii) of Proposition 3.3, so that the contraction
of S; is divisorial. By Lemma 3.9, Locus(S;) is a section of 7. So if Locus(S;) N6 (G) =9,
we set H :=Locus(Sy).

If instead Locus(S;) N6(G)#¢, then we obtain Locus(Sy;) =6(G), because

psc) = 1. Therefore by Lemma 3.9, there is a section H of 7 disjoint from 6 (G). [ |

The following result is certainly well known to experts. We include a proof for

lack of references.

Lemma 3.9. Let Y and Z be smooth connected projective varieties, and let 7 : Y — Z be a
P!-bundle. Let ¥ : Y — ¥, be a birational morphism onto a projective variety sending an
effective and reduced divisor G to points. Then Y=P;(0; & .#) for some line bundle .#Z
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on Z so that G identifies with the section of = corresponding to &; & .# — .# . Moreover,
A ®71 is ample. O

Proof. By replacing ¥ with its Stein factorization, we may assume that ¥; is normal
and that v has connected fibers.

We show that G is a section of Y — Z. Note that 7 is finite on G.

Let B C Z be a general smooth connected curve, and set S:=7"!(B). Then GN S
is a reduced curve; let C be an irreducible component of G N S. Moreover, let Co C Sbe a
minimal section, and f C S a fiber of #. Then C # f. Set e=—C3.

Suppose that C # Cy. Then C =aCy + bf, where ac Z.g, b > aeif e> 0, and 2b > ae
if e <0 (see [17, Propositions V.2.20 and V.2.21]). Thus,

C?=(aCy + bf)? = —a’e + 2ab = a(—ae + 2b) > 0.

On the other hand, the restriction of ¢ to S induces a birational morphism v s: S — ¥(S)
sending C to a point, and hence C? <0, yielding a contradiction. Thus C =Cg, hence
G N S=Cy. This completes the proof of the first assertion.

Set ¥ :=n,0y(G). Then ¥ is a locally free sheaf of rank 2 that fits into a short

exact sequence

0—-0; —>9%— _#—0

corresponding to a class o € H'(Z, .#%7'), Y identifies with P;(¥), Oy(G) with the tau-
tological line bundle 0p, (1), and G corresponds to & — .Z.

We denote by 2G the nonreduced closed subscheme of Y defined by the ideal
sheaf 0y(—2G). By [12, Lemme 3.2 and Lemme 3.3], we have

Pic(G) ® H (Z, . #®') = Pic(2G)

and, under the above isomorphism, (0, @) maps to the class of (Fp, @) (1) @ T*#® 1) 26.
Let /7 be an ample line bundle on Yy. Then there exists m € Z. such that ¢*.7 =
Op,9)(m) @ w*.#/®™. This implies that (Op, ) (M) @ 7*#® ™) 26 = 0. Hence we must
have « =0, and ¥ = 07 @ .#. Let G’ be the section of Y — Z corresponding to ¥ = 0; &
M — Oz. Then G NG’ =0, therefore ¥*. /¢ ; is ample. But ¥*7; =.#% ™ under the

isomorphism G’ = Z. This completes the proof of the lemma. |
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4 Fano Manifolds with a Locally Unsplit Family of Rational Curves of Anticanonical

Degree n

In this section, we prove Theorem 1.4 and Proposition 4.7. We start with the following

observations.

Remark 4.1. Let V be alocally unsplit dominating family of rational curves on a smooth
projective variety X of dimension n, and suppose that the curves of the family have
anticanonical degree n. Let x be a general point, and let Locus(Vy) € X be the union of all
curves parameterized by V. Then, by [27, Corollaries 1V.2.6.3 and 11.4.21], we have that
Locus(V) is a divisor and N; (Locus(Vy), X) = R[V]. O

Remark 4.2. Let X be a Fano manifold, and recall that [y is the minimal anticanonical
degree of a locally unsplit dominating family of rational curves in X.

If xe X is a general point, then every irreducible rational curve C through x
has anticanonical degree at least lx, see [27, Theorem IV.2.4]. This implies that Iy can
equivalently be defined as the minimal anticanonical degree of a dominating family of

rational curves in X. O

Proof of Theorem 1.4. Since lx =n, there is a locally unsplit dominating family V of
rational curves of anticanonical degree n. Thus, by Remark 4.1 X contains a prime divi-
sor D with dim V;(D, X) =1, so that we can apply Lemma 3.1.

Since ly = n> 2, we know that X cannot have a conic bundle structure. Therefore,
Lemma 3.1 yields that px =2 and there exists o : X — Y such that Y is smooth with
dim Y=nand py =1, and o is the blow-up of AC Y smooth of codimension 2.

Let E C X be the exceptional divisor; we have —Kx + E = o*(—Ky).

Let W be a locally unsplit dominating family of rational curves in ¥, CCY a
general curve of the family, and C C X its strict transform. By [27, Proposition II1.3.7],
C N A=0, and hence E - C = 0. Moreover, C moves in a dominating family W of rational
curves in X, so that —Kx - C > n. This yields —Ky - C > n.

We show that —Ky - [W] > n. We argue by contradiction, and assume that —Ky -
[W] = n. Consider a curve C as above. Then we have —Kx - C =n. Since —Kx - [T/I~/] =n=ly,
the family Wis locally unsplit.

Now for a general point x; € X, again by Remark 4.1, Locus(T/INIXI) is a divisor
with V] (Locus(ﬁ/xl), X) = R[W]. Since E - [W] = 0, the divisor Locus(T/INIXl) must be disjoint
from E, thus its image in Y is disjoint from A. This gives a contradiction, because every

nontrivial effective divisor in Y is ample (recall that py = 1).
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We conclude that W has anticanonical degree n+1, so that Y=P" by
Theorem 1.1.

Now, if ¢ € P"is a line intersecting A in at least two points, and 7 C X is its strict
transform, then —Kyx - £ < n. We deduce that the secant variety Sec(4) of A is not the
whole P*, and this implies that A is degenerate (see for instance [29, Theorem 3.4.26]).
Finally, one can check that since X is Fano, the degree d of A is at most n, completing the

proof. |

We need some preliminary results for Proposition 4.7, which is the main result

of this section.

Lemma 4.3. Let X and Y be smooth projective varieties, and let 7 : X — Y be a surjective
morphism with connected fibers. Let V be a locally unsplit dominating family of rational

curves on X. Suppose that 7 does not contract any curve from V.

(1) IfKX/y[V]SO, then KX/y-[V]IO.
(2) Suppose moreover that —Kx - [V]=dim Y + 1, and that for a general xe X,
and for every [C] € Vy, the map 7/¢c : C — 7(C) is birational. Then Y = PdimY ]

Proof. Let x be a general point in X, and let [C] € Vx be a general curve. Set £:=n(C),
and let m be the positive integer such that n,C = m¢. Note that ¢ is a free curve and
hence yields a smooth point in RatCurves™(Y). Let Vy be the irreducible component of
RatCurves™(Y) which contains [¢]. We set y:=n(x). We also set V,:={[Cle V|xeC}CV,
and similarly we define (Vy)), C Vy (recall that V, is the normalization of V7, and (Vy), that
of (Vy)’y). Note that V, has pure dimension —Kx - [V] — 2, and since Vy is a dominating
family, (Vy)/y has pure dimension —Ky - [Vy] — 2.

Let us consider the morphism 7, :V — Chow(Y) induced by the pushforward
morphism Chow(X) — Chow(Y) (see [27, Theorem 1.6.8]). We claim that =, is finite
on V,. Suppose otherwise, and let T C V, be an irreducible complete curve con-
tained in a fiber of mw.. We set Locus(T):=UrC; C X. Then dim Locus(T)=2, and
dim N; (Locus(T)) =1 by [27, Corollary I1.4.21]. This implies that 7 is finite on Locus(T),
thus dimnz(Locus(T))=2. On the other hand, ¢ :=n(C;) does not depend on teT,
because T is contained in a fiber of 7,. Hence n(Locus(T))=+¢, a contradiction. This
proves that r, is finite on V.

Therefore, the rational map V, --» (Vy)/y sending [C] € V] to #n*[C] =[] e (Vy)’y is

generically finite, and hence dim(Vy);, > dim V. We obtain
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Suppose from now on that K,y - [V] <0. Then
—Kx - [Vl > —mKy - [Vyl,

and thus m =1 and —Kx - [V] = —Ky - [V¥], proving (1).
We proceed to prove (2). Since —Ky - [Vy] =dim Y + 1, by Theorem 1.1 it is enough
to show that Vy is a locally unsplit family of rational curves on Y. Let X, be a dense open

subset of X such that for every point x € X

e for any curve [C] € V4, C is a free curve,
e T, is proper, and

e for any curve [C] € Vy, mic : C — 7(C) is birational.

Let Vo be the open subset of V consisting of points [C] such that C N Xy # #J. Observe
that (m,)y, : Vo = Chow(Y) factors through ¥y — Chow(Y). We still denote by (=,)y, the
induced morphism V5 — Vy.

Since V, is proper, to prove that Vy is a locally unsplit family of rational curves,
it is enough to show that (m.)v, : V; — (Vy)/y is dominant.

Consider the universal families Uy — Vy and Uy — Vy, and the evaluation mor-
phisms e: Uy — X and ey:Uy— Y. Note that e is flat by [27, Corollary 11.3.5.3 and
Theorem II.2.15]. We have a commutative diagram:

e p
X Uo 1)

ey by
Y ~— Uy — W

Recall from the proof of (1) that dim(mw,)y, (V) =dim(Vy)’y. This implies that (w,)y, is
dominant, and hence so is u.

On the other hand, since V,= p(e !(x)) and (Vy)’y:py(e;,l(y)), we also have a
commutative diagram:

elx) — 1

Hie=1(x) l \L (ﬂ*)\v}’l

e, (y) — (W),

where the horizontal arrows are finite and surjective, and (r,)|y, is finite by the proof
of (1). Therefore, jje-1(x : € (%) — e;l(y) is finite, and to show that (m,) v, : V; — (Vy)/y is

dominant, it is enough to show that -1 : €7 (x) - e;l(y) is dominant.
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Consider now Z C Uy a general fiber of the composition 7 o e: Uy — Y; Z has pure
dimension dim Uy — dim Y.

€z

iy <—— Z

ey (y)

Let F be an irreducible component of e;l(y), and let Zp be an irreducible component
of Z dominating F under u. Since e is flat, Z, must also dominate 7 ~!(y) under e.
Thus, for x€ 77 !(y) general, e7!(x) N Z, is nonempty and has pure dimension dim Z, —
dim7~!(y) =dime !(x) = dime,'(y) = dim F. Finally, p is finite on e~'(x) N Z, so that
e 1(x) N Zy, dominates F under L.

We conclude that pe1x e (x) — e;l(y) is dominant, completing the proof of

the lemma. u

Lemma 4.4. Let X and Y be smooth projective varieties, and let 7 : X — Y be a P'-bundle.
Let V be a locally unsplit dominating family of rational curves on X with —Kx - [V]=
dim(X) > 3. Set n:=dim(X). Then X=P! x P*!, and V is the family of lines in the
Prls, O

Proof. Let x be a general point in X, V; an irreducible component of V,, and U, — V}
the universal family. Let U, — X be the evaluation morphism, and U, — T its Stein fac-
torization. Then T is a normal generalized cone; in particular, pr =1 by [27, Corollary
11.4.21].

We claim that the composite map T — X — Y is finite; in particular, it is dom-
inant. Suppose otherwise. Then, by [27, Corollary 11.4.21], = sends every curve in D :=
Locus(V,) to a point. Thus —Kx - [V] =2, yielding a contradiction.

Set Z :=T xy X, with natural morphismsr:Z —- T,and v:Z — X.
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Note that 7 is a P!-bundle. Let T; C Z be the section of t induced by T — X; we have
v(Tz) = D. Then Z =Pr(&), where & :=1,.07(T7) is a rank 2 vector bundle on T that fits

into a short exact sequence

0—O0Or—&— #—0,

with .# a line bundle on T. Moreover, & — .# corresponds to the section Tz, and 0z (Tz)
identifies with the tautological line bundle, so that 0z (T%) |, = t* .41, .
We prove that Kx/y - [V] <0. Suppose otherwise. We have

Oz(Kz)1) = 07(=2T7) @ T° M,

and therefore

O7(Kz)r)\1y = O7(=T7)\13,-

Let [C] € V7, and let C; be an irreducible component of v=!(C) contained in T;.

Then, by the projection formula:
—T7 - Cz=Kzr-Cz=v"(Kxyy)-Cz=mKyx/y-C >0,

where m € Z.¢ is such that v,Cz = mC. This implies that .# - t,Cz < 0.
Let now [C'] € V be a general point, and C/, an irreducible component of v=(C")
not contained in Ty. Then, as above, we must have Kz,r - C, > 0. On the other hand,

Tz - C, >0since C, ¢ Tz, and .# - 1.C}; <0 because pr = 1. This implies that
KZ/T . C,Z =—2TZ . C/Z +«% . 'L'*C/Z < O,

yielding a contradiction. Therefore Ky vy - [V] <0, and Lemma 4.3(1) yields Kx;y - [V]1=0.

Let x€ X be a general point, [C] € V4, and set y:=n(x) and ¢:=n(C). We show
that mc : C — ¢ is birational. Let F be the normalization of 7~!(¢), and let ¢ be the nor-
malization of ¢. Let C’ be the strict transform of C in F. By the projection formula, we
have Ky ;- C' = Kx/y - C = 0. This implies that F=¢ x P!, and that C’ is a fiber of F — P!,
proving our claim.

Therefore Y=P*! by Lemma 4.3(2), and T=D is a section of m. Since
Kx/v-[V1=0, we must have .# =0, and hence .# = Opn1. Finally, &= ﬁﬁfl, since
h' (P!, Opn1) = 0. This completes the proof of the lemma. [ |

Lemma 4.5. Let X be a Fano manifold of dimension n> 3 and Picard number px =2,

and suppose that X has a locally unsplit dominating family of rational curves V of
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anticanonical degree n. Let D C X be an irreducible component of Locus(Vy) for a general
point x € X.
Then one of the following holds:

(a) X is the blow-up of P"” along a linear subspace of codimension 2;

(b) X=P!x P+

(¢ D'NNE(X) is an extremal ray of X, whose associated contraction is divi-
sorial and sends its exceptional divisor to a point; the other extremal con-
traction of X is either a (singular) conic bundle, or the blow-up of a smooth

variety along a smooth subvariety of codimension 2. O

Remark 4.6. The only examples known to the authors of Fano manifolds with dimension
n> 3, Picard number px =2, and having a locally unsplit dominating family of rational
curves of anticanonical degree n, are P! x P! and the varieties from Example 1.3. These
are obtained as the blow-up of P" along a smooth subvariety A4, of dimension n— 2 and
degree de {1, ..., n}, contained in a hyperplane. If d=1, this is case (a) of Lemma 4.5. If

d> 1, this gives an example of case (c) of Lemma 4.5. (]

Proof of Lemma 4.5. By Remark 4.1, V;(D, X) =R[V]. This implies that D is nef since
D -[V]>0. Let R be an extremal ray of X such that D- R> 0, and let 0 : X — Y be the
contraction of R. By Lemma 3.1, Y is a smooth Fano variety, and either o is a blow-up
with center Ay C Y smooth of codimension 2, or ¢ is a conic bundle. Set S:= D' N NE(X).
Then S is an extremal ray of X by Proposition 3.3.

Suppose that we are in case (i) of Proposition 3.3. We show that we are in case
(a) or (b). The contraction of Sis ¢: X — P!, D is a fiber, and hence D - [V]=0. Let F be
a general fiber of ¢. Then the family of rational curves from V contained in F is locally
unsplit with anticanonical degree dim(F) + 1, thus F ~P" ! by Theorem 1.1.

Let By C P! be a dense open subset such that Xy:=¢ 1(By) — By is smooth. By
Tsen's Theorem, there exists a divisor Hy on Xy such that O (Hyp) = Opn-1(1).

Let H be the closure of Hy in X. Then H is g-ample since ¢ is elementary. If
peP!, then [p*(p)] - H" ! = 1. Therefore, all fibers of ¢ are integral, and by [14, Corollary
5.4] we have X =Pp (&) with & a vector bundle of rank n on P!. Since X is Fano, it is
not difficult to see that either X =P! x P*!, or X is the blow-up of P" along a linear
subspace of codimension 2. Thus, we get (a) or (b).

Case (ii) of Proposition 3.3 is (c).

We show that case (iii) of Proposition 3.3 does not occur. Suppose otherwise.

Then the contraction ¢ of S is small, it has a flip X --» X', X’ is smooth, and there is a
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smooth P!-bundle ¢ : X’ — Y. Let [C] € V be a general point. Then Exc(¢) N C =0 (see [27,
Proposition I11.3.7]). Let V' be the irreducible component of RatCurves™(X’) which con-
tains C’ the strict transform of C in X'.

We show that V' is a locally unsplit dominating family of rational curves on
X'. Let x€ X\ Exc(¢) be a general point. If Locus(Vy) NExc(¢) # @, then [V]e S since
Ni(Locus(Vy), X) =R[V] and D - S=0, and hence Locus(S) = X, yielding a contradiction.
Therefore, Locus(Vx) N Exc(¢) =§, and hence V, = Vy is proper. This proves that V' is a
locally unsplit family of rational curves. Note also that —Kx - [V'] =n. By Lemma 4.4,
X' ~P! x P*!, so that X’ does not have small contractions, a contradiction. This com-

pletes the proof of the lemma. |
Finally, we prove the main result of this section.

Proposition 4.7. Let X be a Fano manifold of dimension n> 3, and suppose that X has
a locally unsplit dominating family V of rational curves of anticanonical degree n. Then
px < 3.

If moreover px =3, then X is isomorphic to one of the varieties described in
Example 1.6, and [V]=C; + (d— a)F, where F is a fiber of o, and C; is the strict trans-

1

form of a line in Gy = P"! (notations as in Example 1.6). O

Proof. Let D C X be an irreducible component of Locus(Vy) for a general point x€ X.
Then N (D, X) =R[V] by Remark 4.1, and by Lemma 3.1 we have px < 3. Note that D is
nef, because D - [V] > 0.

4.,7.1. We assume that px =3. By Theorem 3.8, X is as described in Example 3.4. We
use the notations of Example 3.4 and Theorem 3.8; in particular, we refer the reader to
Table 1 for the intersection table of X. We have to show that Z =ZP" !, that a<d, and
that [V]1=C¢ +aF =Cg + (d— a)F (see (3.1)). O

4.7.2. Note that G - [V] =0. Indeed, if for instance G N D # @, as pg =1, then there exists
A € Q. such that [V]=A[C¢]. On the other hand, G - [V]> 0 while G - C¢ =—ad <0, and
we conclude that G - [V] =0.
Set m:=—K,-Cz =128 > 0. Since [F], [F], [C¢] are a basis of N(X), and we can
write:
[Vl=aF + BF + yCg,

with «, B, y € Q. Intersecting with G yields g =ay$, and intersecting with —Kx yields
a=n—my:
[Vl=(n—my)F + aySF + yCq. 4.1)
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Note that y > 0, because [F] belongs to the extremal ray R, and [V] ¢ R.
Moreover, E - [V] = y8(d — a), so we obtain d—a > 0.
Finally, we also have G- Vl=n-— my > 0. O

4.7.3. By (4.1), we have
Kx/7 - [VI=Kx - [V - Kz -9lVl=—n— Kz - yCz=—n+ym=<0.
Then Lemma 4.3(1) yields Kx/z - [V]=0 and hence y =n/m, and (4.1) becomes:

V1= 2 (@sF + Co). 4.2)
m

4.7.4. Let x€ X be a general point. We show that ¢ has degree 1 on every curve of V.
We proceed by contradiction, and assume that for some [C] € V4, the morphism
Coo — ¢(Cx) has degree k> 2.
Let { — ¢(Co) be the normalization, set F:=¢ x; Y, and denote by mp:F — ¢

(respectively, v: F — ¥) the natural morphisms.

v o
F—Y ~— X

L

t — Z

Let C., CIF be the strict transform of ¢(C) C Y. Let moreover Co CF be a minimal
section of 7, and f C T a general fiber.

We have Gy - 0(Co) =0*(Gy) - Coo =G - [V]=0 by 4.7.2, and 6(C) € Gy because
x € Cy is general, hence Gy No(Cy) = 0.

The pull-back of Gy to F is precisely Cq, so that C, N Co =#. Moreover, nr has
degree kon C...

Set ag:= —CZ € Z>o. Then F =F,,, and we obtain
C..=k(Co+ayf) and —Kp-C, =k(a+ 2). (4.3)

Consider now v*Gy C F. This is a section of mr disjoint from Cy, so that Vv Gy =
Co+ ao f. We also have 6*Gy=G + E, and G -[V]=0 by (4.2), so using the projection
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formula:

E-Co=0%Gy - Co=Gy-0(Co) =v*Gy - C. =kap. (4.4)

Since Ay C Gy, we have v I(A4y) C v*Gy. Moreover, Ca, ZEU E because xe Cx,
hence ¢(Cs) € A, and v~!(Ay) is a zero-dimensional scheme.

We see v™1(Ay) as a zero-dimensional subscheme of v*f;y =P!; in particular, it
is determined by its support and by its multiplicity at each point. We write v=!(Ay) =
hp+-+ hpr O

4.7.5. Let w :F— F be the blow-up of F along v~!(Ay); note that there is a natural mor-
phism 7 :F — X:

-
X

o
v

F
F
TR i
12

.

VA

Observe that F is a normal surface, with local complete intersection singularities.
Indeed, locally over p;, F can be described as the blow-up of Af{,y at the ideal (x", y).
In particular, F is smooth at @ ~!(p) if h; = 1; otherwise, it has a Du Val singularity of
type Ap,_1.

Set F; := @ ! (p;) (with reduced scheme structure); then

KfF =w Ky + Z h;F;, and Z hF; =V*'E. (4.5)
1<i<r 1<i<r
Let E/Oo C F be the strict transform of C., CF. Then 5(5&7) = Co, and using (4.5), (4.3), and
(4.4), we obtain

~Kz-C.,=—Kp-C, — E-Co =2k+ kay — kay = 2k. (4.6)
O

4.7.6. The curve Ego is an integral rational curve in F, of anticanonical degree 2k by (4.6).
We fix a point py € 5&) such that V(pp) = x. By [27, Theorems II.1.7 and II1.2.16], every
irreducible component of RatCurves”(ﬁ, Po) containing [ng,] has dimension > 2k — 2 > 2,

because k> 2 by assumption.
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Let B C RatCurves™(F, Do) be an irreducible curve containing [ééo]- If B is proper,
we obtain Locus(B) =T and hence p# =1 by [27, Corollary IV.4.21], a contradiction. If
instead B is not proper, the closure of its image in Chow(F) contains points correspond-
ing to nonintegral curves. But this gives again a contradiction, because V is proper.

We conclude that Z =P"! by Lemma 4.3(2), C; C Z is a line, §=03(1)-C; =1,
m=—Kyz-Cz=n,and y = 1. Finally, [V]=aF + C; by (4.2). [

5 Examples of Locally Unsplit Families of Rational Curves of Anticanonical
Degree n

Let X be one of the varieties introduced in Example 1.6; we use the same notations as in
Examples 1.6 and 3.4, with Z =P™* !,

We construct a dominating family of rational curves on X, and then show that it
is locally unsplit. Note that the condition a < d is necessary to ensure the existence of
such a family, see 4.7.2.

We first consider the case a=0, so that Y=P* ! x P!, and X is the blow-up of
P! x P! along A x {pp}, where py € P! is a fixed point. The general curve of the family V
is the strict transform in X of ¢ x {p} C Y, where p# py and ¢ C P*! is a line. Therefore,
V is a locally unsplit dominating family of rational curves, and for a general point x € X,
Vy is isomorphic to the variety of lines through a fixed point in P*!; hence V, = P" 2,

Suppose from now on that a > 0, and set
Xo:=X~(EUEUGUG).

Let £ C P! be a line not contained in 4, and let x e X, be such that ¢(x) € . Set F:=
771(0) ZPp1 (Op @ Opi(a)), and denote by 7r the restriction of 7 to F. We have Gy NF = Cy
the minimal section of n, and éyﬂFéPl is another section with @yﬂIE"ECo + af,
where f'is a fiber of nr (see Figure 2).

Since ACP™! is a hypersurface of degree d, and ¢¢ A, AN{ is a zero-
dimensional scheme of length d. Moreover, Ay NF is isomorphic to AN ¢, because Gy
is a section of . In particular, Ay N F can be seen as a closed subscheme of ¢ = P!, hence
it is determined by its support and by its multiplicity at each point.

Recall that 1 <a <d by assumption. Let us consider a closed subscheme W of
Ay NT, of length a. Again, W is determined by its support and by its multiplicity at
each point, so that, without loss of generality, we can write W= {p, ..., ps}, where p;
are possibly equal points in Ay NF (and each p; appears at most h; times, if h; is the

multiplicity of Ay NF at p;).
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Co=GyNF

@yﬂF
1 c,

Fig. 2. The surface F. Here d=4,a=2, AyNF={p1, p2. q1, q2}, and W= {p1, p2}.

Construction 5.1. We associate to (¢, W, x) a smooth rational curve C C X, of anticanon-

ical degree n, and containing x. O

Sety:=o(x)eF~ ("1 (A) UGyU Gy). We write .y (respectively, .#,) for the ideal
sheaf of W (respectively, y) in F. We claim that

R°(F, Ok (Co + af) ® Iw ® Fy) =1,

and that the corresponding curve on F is smooth and irreducible.

Since h(F, Or(Co + af)) = a+ 2, we must have h°(F, Op(Co + af) ® Iw ® Fy) > 1.

Let C; €|Co + af| be a curve containing W and y. Observe first that C; is irre-
ducible. Otherwise, since C; - f=1, there is a unique irreducible component C; of C;
such that C;- f=1 and C, =C] +rf for some r>1 (C; is a section of nr). In particu-
lar, C} € |Co + bf| with b < a. By [17, Corollary V.2.18], we have b=0 and C| = Cy. Thus,
C1=CoU fiU---U f, where the f;'s are possibly equal fibers of 7.

Note that W is a subscheme of both C;,=CqU ffU---U f; and Gy NTF. Since

@y N F is disjoint from Cy, we must have

W={p1,....0) S(fiU---U f) N Gy.

On the other hand, @y intersects transversally any fiber of =, thus we obtain
(p1..... P ={fiN Gy, ..., fuN Gy}, and up to renumbering we can assume that f; is the
fiber of mr containing p;. This implies that ye C; C77!(A) U Gy, which contradicts our
choice of y. Thus C; is irreducible, hence it is a section of 7y, and C; = P*.

To show that C, is unique, let C; € |Co + af| be another curve containing W and
y. Then C, is irreducible, C,-C,=a, and {pi,..., Pz, ¥} CC1 N Cy, which implies that

C; = C,. This shows our claim.
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We remark that
AyNCy=Gype,. (5.1)

Indeed, C; is not contained in @y, because y ¢ @y. Moreover, WC Ay NC; C @y N C; and
Gy-Ci=a,sothat W=AyNC; = éy|cl.

We define C C X to be the strict transform of C; C Y, so that C is a smooth ratio-
nal curve through x. It is not difficult to see that C =Cs + aﬁ', and hence —Kx - C =n(see
Table 1).

Lemma 5.2. If £ N Ais either reduced, or has a unique nonreduced point of multiplicity
2, then
Txic = Op1(2) © Op ()" @ O,

hence C is a standard, free, smooth rational curve. O

Proof. Suppose first that C N (E N E)={. This implies that ¢ is smooth in a neigh-
borhood of C, thus the map Txc — ¢*Tpr1 ¢ is onto. Its kernel is a torsion-free sheaf
of rank 1 on C, hence a locally free sheaf, of degree —Kx-C + ¢*Kpn1 - C =0. Since
@*Tpn1)c = Op1 (2) @ Op1(1)™ 2, this implies the statement.

Suppose now that C N (E N E)##, and let x; be a point in this intersection.
Set z; :=¢(x7), and let he {1, 2} (respectively, ke {1, h}) be the multiplicity of z; in £N A
(respectively, in W € ¢ N A under the isomorphism Gy = P 1),

Note that E and E are Cartier divisors on X , and they do not contain C in their
support.

As ¢ is an isomorphism on C, we have Ej¢c =C N E=C; N Ay =W. On the other
hand,

(E+ E)c=¢*(A)c = Pic(Ap),
therefore we have the following equalities of divisors on C:
cnN E:EA"C z(p\*C'(AM — W)

In particular, z, has multiplicity h—k in ¢.(C N E), and since x; € C N E, we have
h — k> 0. We deduce that h=2, k=1, and z is the unique nonreduced point in £ N A.
As WN (A — W) ={z}, we also deduce that C intersects E N E only in x;. More-

over, since C is transverse to E (and to E) in x;, we have

CNENE={x).
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Now let us consider the tangent morphism dy : Tx — ¢*Tpn1, which is surjective
outside E N E, and has rank n— 2 in every point xe E N E, with image T4 4(x. Let us also

consider the natural surjective morphism:
£:¢ " Tpn1 — (P*(T]P’”*I/TA)\EQE‘

Since E and E intersect transversally, a local computation shows that the image of dy
is the subsheaf of ¢*Tpn1 given by the kernel of &. In other words, we have an exact
sequence:
dp &
TX —> (p*T[Pn—l —> (p*(Tpn—l/TA)lEmE —> 0.
Let us now restrict to the curve C. Then ¢*(Tpn1/Ta) pnpne = Cx, 1s a skyscraper

sheaf, and we have an exact sequence:
dyic &ic
TX‘C — (p*TIpJn—llc —> CXl — 0,

where §¢ is just the evaluation map.
We have ¢*Tpr1\c = Op1(2) @ Opr (1) 2, and the factor Op (2) = ©*Tyic C*Tpn1 ¢ is
contained in ker(§¢), because T; , C Ta . Therefore, we get an induced surjective mor-

phism Opi (1)"%2 — C,,, whose kernel is 0p: (1)" 2 @ Op1. This gives an exact sequence
0 — Op(2) — ker(§c) —> Op(1)" 2 @ Op —> 0,

which yields ker(éic) = Op1(2) @ Op (1) 2 @ Ops.
Thus, dy|c yields a surjective map Txc — Op (2) ® Op (1) 3 @ Op1. The kernel of
this morphism is a torsion-free sheaf of rank 1 on C, hence a locally free sheaf, of degree

—Kx-C — (n— 1) =1. Finally, the exact sequence
0— O (1) —> Txic 25 01 (2) ® O ()2 @ O —> 0
gives the statement. u

Lemma 5.3. Let C’ be an effective one-cycle in X such that C’'=C and C’' N Xy # ?.
Then C’ is integral and is obtained as in Construction 5.1, for some choices of
¢ cP*!, ¥ eX,and W C ¢ N A. In particular, C’ is again a smooth, connected rational

curve. O

Proof. Since ¢.(C’) = ¢.(C), it follows that ¢(C’) is a line ¢ in P* !, and ¢’ Z A because
C' Z ¢~'(A) = E U E. Moreover, there is a unique irreducible component C” of C’ that

maps onto ¢/, and C” — ¢ is a birational morphism.
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Therefore, we have
C'=C'+F i+ +F+F+ - -+F+e+-+en

where the F;'s are (possibly equal) fibers of ¢ g, the F;'s are fibers of ¢z, and the ¢'s are

fibers of ¢ over P! \_ A. Moreover C'=C¢ + aﬁ', and using Table 1 we obtain
0=G-C'=G-C"+s+h and 0=G-C'=G-C"+r+h.

Since C” is irreducible and G N G = ¢, the intersections G - C” and G - C” cannot be both
negative; this yields h=0. Then C” cannot be contained in G U G, because C' is not con-
tained in EU E U G U G. We conclude that r=s=0, and C' =C" is integral.

Set F':=n~'(¢') C Y, and denote by 7r the restriction of 7 to F'. We consider the
curve C;:=0(C") CF.

Since m|c; has degree 1, we have C| =C(, +rf’, where C; = Gy N F’ is the minimal
section of 7y, f' is one of its fibers, and r € Z.

On the other hand, we have
—K[Fr/(r . Ci = _Ky/[p:n—l . Ci = _Ky/[pm—l -C1 = _KIF/Z -Cy1 =a,

where Cy :=0(C). Therefore r = a, and C| € |[C{ + af’|.
Finally, as E-C'=a and C; is smooth, C; intersects Ay in a zero-
dimensional subscheme W' of length a. This shows that C’ is a curve obtained via

Construction 5.1. [ |

Proof of Proposition 1.7. If a=0, the statement is clear.

Suppose that a > 0. By Theorem A.5, pairs (¢, W) where ¢ C P! is a line not con-
tained in A, and W< ¢ N A is a subscheme of length a, vary in an irreducible family of
dimension 2n — 4. Using this, it is not difficult to show that varying (¢, W, x), Construc-
tion 5.1 yields an irreducible algebraic family of smooth, connected rational curves in X,
of anticanonical degree n. More precisely, we get a locally closed irreducible subvariety
Vo of RatCurves™(X) of dimension 2n — 3, whose points correspond to curves C obtained
asin5.1.

By Lemma 5.2, a general curve C from V; is free and hence yields a smooth
point in RatCurves™(X). Moreover, dimic;RatCurves™(X)=—Kx-[V]l+n—3=2n- 3.
This implies that the closure V of V4, in RatCurves™(X) is an irreducible component,
and that V gives a dominating family of curves of anticanonical degree n.

On the other hand, Lemma 5.3 shows that Vy is proper for every x € Xy, so that V
is a locally unsplit family. |
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Remark 5.4. Let 27 be an ample line bundle on X. If 2<a<d— 2, then V is not a
dominating family of rational curves of minimal degree with respect to J#. Indeed, the
family W of curves on X whose points correspond to smooth fibers of ¢ is a locally

unsplit dominating family of rational curves, and [W] = F + F. Thus
H-W=3(H-Co+ H-Cpx+art-F+(d—a) - F)>H - [W. O

Proof of Theorem 1.8. The first part of the statement follows from Proposition 4.7.
Assume that px = 3. Then, again by Proposition 4.7, X is isomorphic to one of the vari-
eties described in Example 1.6, and [V]=C; + (d — @)F (notation as in Example 1.6 and
Proposition 4.7). By (3.1), this is the same as [V] = C; + aF. This means that the curves of
the family V are numerically equivalent to the curves obtained in Construction 5.1. Thus,
Lemma 5.3 implies that the family V coincides with the family of curves constructed in

the proof of Proposition 1.7. |

Proof of Theorem 1.9. As before, we can assume that a> 0. Let x€ Xy be a general
point, and set z:=¢(x) € P*!. Let p,: A— P" 2 be the morphism of degree d induced
by the linear projection P*! --s P2 from z where we see P2

¢ through z in P!, Then the pairs (¢, W) such that ¢ CP*! is a line through z and

as the variety of lines

Wc ANt is a zero-dimensional subscheme of length a, are parameterized by the rela-
tive Hilbert scheme H, := Hilb'¥ (4/P"2).

Since x is general, H, is integral by Theorem A.1. Therefore, using [17, Corollary
111.12.9], Construction 5.1 can be made relatively over H,.

One first constructs a subscheme C; C Y x H,, such that the fiber of C; — H, over
(¢, W) is the curve C;. As C; intersects Ay x H, along the Cartier divisor Gy x 'H, (see
(5.1)), the strict transform

CCcXx™H,

of C; C Y x H, is isomorphic to C;. In particular, the fiber of & : C — H, over (¢, W) is the
curve C.

As C is a smooth rational curve through x, &£ : C — H,is a P!-bundle with a section
s:H,— C, given by s(h) = (x, h).

In particular, C is the projectivization of a rank 2 vector bundle over H,, and it is
locally trivial in the Zariski topology.

Fix a point 0 e P!. Let Hy C H, be an open subset such that £ ! (Hy) = P! x Hy. We
can assume that the section sy, under this isomorphism, is identified with the constant

section {0} x Hy.
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Therefore, we get a morphism over Hy:
P! x Hy — X x Hp,

which is an embedding on P! x {h}, and sends (0, h) to (x, h), for every h € Hy. This yields
a morphism Hy — Hom(P!, X, 0 — Xx).

Since x is general, every curve in V is free, and Hom(P!, X, 0+~ x) contains a
union of smooth irreducible components V., whose image in RatCurves™(X, x) is V4. By
construction, the morphism Hy — Hom(P!, X, 0 — x) takes values in V..

By [27, Theorem II.2.16], these morphisms glue together and yield a morphism
v .H,— V.

By Lemma 5.3, the morphism ¥ is surjective. Moreover, the pair (¢, W) deter-
mines uniquely the curve C in Construction 5.1. As C is smooth, it corresponds to a
unique point in V,; therefore, ¥ is injective.

Finally, Vy being smooth, we conclude that ¥ is an isomorphism, H, is smooth,

and V is irreducible. [ |

Note that a and @ =d — a yield not only the same variety X (see Remark 3.7),
but also the same family V of rational curves on X, and V,= Hilb[“](A/]P’”‘z) =
Hilb'% ¥ (4/P"2) for general x € X.

The cases a€ {0, d} and ae {1,d — 1} are the simplest ones. For the reader’s con-

venience, we describe explicitly the latter.

Example 5.5. If a=1, then Y is the blow-up of P" at a point. Thus, X is the blow-up
of P" along {py} U A, where A is smooth, of dimension n— 2, degree d, contained in a
hyperplane H, and py ¢ H. This is one of the few examples of Fano manifolds obtained
by blowing-up a point in another manifold, see [5].

The general curve of the family V is the strict transform in X of a line in P"
intersecting A in one point.

Therefore, for a general point x € X, we have V, =Z A= Hilbm(A/IP’"*z).

From the point of view of the family of curves, this is essentially the same exam-

ple as Example 1.3; see also [19, Example 1.7]. O
Let us consider now the morphism

T Vy— Cx C ]P’(T;;’X),
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where x is a general point (notation as in the Introduction). We recall the following

useful observation.

Remark 5.6. Let [C] € V4. Then 1, is an immersion at [C] if and only if C is standard,

see [18, Proposition 1.4] and [2, Proposition 2.7]. O

As x is general, ¢ : X — P"! is smooth at x, and the differential of ¢ at x induces
the linear projection P(Tx ,) --» P(T5 ) from the point [Tx/pn1 x| € P(Ty ).

We have [Tx/p1 4] & Cx, because ¢|¢ is an isomorphism for every C in V,, and the
projection restricts to a morphism I7': Cy — P* 2 = P(Tﬁmyz).

Observe that there is a commutative diagram:

]

/\.

H, Vy Cx
' Tx
~

Pn—z

where we have set @ :=t1,0¥ : H, — Cx.

Proof of Theorem 1.10. Since /T has degree (Z) ¥ is an isomorphism, and 7y is bira-
tional, we conclude that I7' has degree (Z), therefore C, C P! is a hypersurface of degree
(Z) Moreover, Cy is irreducible, because Vj is.

We have seen in the above example that 7y is an isomorphism for a=1 and
a=d— 1, and the statement is clearif a=0 or a=d.

We suppose from now on that 2 <a < d — 2; note that in particular d> 4. Since ¥
is an isomorphism, the statement follows if we show that the closed subset where @ is
not an isomorphism (respectively, an immersion) has codimension 1 (respectively, 2).

Let L CP" 2 be a general line. Then Aj :=p,!(L) is a smooth plane curve of
degree d, and IT'(L) =Hilb[“](AL/L) is a smooth curve of genus 1+ %(z) (a(d—a) — 2)
by Theorem A.1(4).

On the other hand, (JT')~'(L) is a plane curve of degree (z), hence it has arithmetic
genus po=3((G) — D(() - 2).

We claim that @ ;1) cannot be an isomorphism onto its image. By contradic-

tion, if it were, the two curves should have the same genus, so we obtain

(=92 _, 1 (d) @d-a -2

2
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This yields easily (¢) =a(d — @) + 1, or equivalently d(d— 1) --- (d — a+ 1) = al(a(d — a) +

1). Since a <d — 2, we must have
al
(d—2)--~(d—a+1)25,

and hence
al(a(d—a) +1)

dd—-1)= d-2 . d—a+D <2(a(d—a)+1).

Equivalently, we obtain d? — (2a + 1)d + 2a®? — 2 < 0. It is easy to see that this contradicts
the assumption 2 <a<d-— 2.

We conclude that the closed subset where @ is not an isomorphism has codi-
mension 1.

Let us consider again the plane curve A;. Since A, — L is a general projection,
every nonreduced fiber contains just one double point. Hence, for every [¢] € L, the inter-
section ¢ N A is either reduced, or has a unique nonreduced point, of multiplicity 2. By
Lemma 5.2, for every W C ¢ N A, the corresponding curve C C X is standard, therefore
is an immersion at ¥ ([W]) by Remark 5.6.

We have shown that @ is an immersion in every point of 177! (L), hence the closed
subset where @ is not an immersion has codimension at least 2.

Suppose now that n>4, and let P C P"2 be a general plane. Then Ap := p;!(P)
is a smooth surface of degree d in P?, and Ap — P is the projection from a general point.
Let B C P? be the branch curve of this projection. It is classically known that B has
only nodes and cusps, see [9]. Moreover, the fiber of Ap — P over a smooth point z€ B
contains just one double point, the fiber over a node contains two double points, and the
fiber over a cusp contains one triple point (see [9, Proposition 3.7]). The number of nodes
in B depends only on the degree d of Ap, and more precisely it is d(d — 1)(d — 2)(d — 3)/2,
see [13, Lemma 3.2(a)].

Since d > 4, B contains nodes, and we conclude that there is at least one [¢] € P
such that AN¢=2p; +2po+ p3+---+ pg2. As a<d—2, we can consider the sub-
scheme W:=p; + p» +---+ p, and the point [W] € H,. Note that the points p; and p,
do appear in W, because a > 2. Then by Theorem A.1(2), the tangent space of the fiber
IT~1([£]) at [W] has dimension 2.

On the other hand, as I7’ is a linear projection from a point, the tangent space
of the fiber (IT)~1([£]) at ®([W]) has dimension at most 1. This shows that & is not an
immersion at [W], and hence that the closed subset where @ is not an immersion has

codimension 2. [
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Corollary 5.7. Let X and V be as in Proposition 1.7. Assume that 2 <a<d — 2, and that

n>4. Then nonstandard curves of the family V cover X. O
Proof. This follows from Remark 5.6 and Theorem 1.10. [ |

Example 5.8 (Fano 3-folds). Let X and V be as in Proposition 1.7, and consider the case
n=3. Then X is Fano if and only if a < 2 and d — a < 2, in particular d < 4. Thus, the only
case where X is Fano and t, is not an isomorphism is for d=4 and a = 2. This Fano 3-fold
X is N. 91in [23, §12.4].

In this case, A C P? is a smooth quartic, VyEH, = Hilb[zl(A/IP’l) is a smooth con-
nected curve of genus 7, and IT : H, — P! has degree 6. Using Theorem A.1(2), one can
describe precisely the ramification of I7.

On the other hand, Cx C P? is an irreducible curve of degree 6 and arithmetic

genus 10. The normalization H, — Cy is an immersion, but it is not injective. O

Appendix: The Relative Hilbert Scheme

The proof of Theorem 1.9 relies on the following results of independent interest.

Theorem A.1. Fix integers m, a, and d, such that m>1and1<a<d. Let ACP™! bea
smooth hypersurface of degree d, ze P! \_ A a general point, and p,: A— P™ the linear

projection from z (where we identify P™ with the variety of lines through zin P™+1).

(1) The relative Hilbert scheme Hilb[“](A/]P’m) is an integral local complete inter-

section scheme of dimension m, and the natural morphism
1 : Hilb94/P™) — P™

is flat and finite of degree ().

(2) Let [¢]eP™ and [W] e IT'([£]). Write eNA=hyp, + --- + h-p- with h; > 1 and
pi#pjfori#j,and W=k p +--- + k-p- with 0 < k; < h;. The Zariski tangent
space of the fiber I77!([¢]) at [W] has dimension ) ;_, min(k;, h; — k;).

(3) II is smooth at [W] if and only if W is a union of irreducible components of
¢N A, equivalently: WN (¢ nNA—-W)=40.

(4) Suppose that m = 1. Then the curve Hilb[“](A/IP’l) is smooth of genus g=1 +
1) (ad-a) - 2). O

The following results will be used in the proof of Theorem A.1.
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Lemma A.2. Let h be a positive integer, and set:

Clt
A::(t—El)] and F :=SpecA.
Let W be the nonempty closed subscheme of F with ideal I:= t*A C A, where ke

{1,..., h}is an integer. Then:

(1) dimc Homp( Sy, Ow) = dime Extk (S, Ow) = min(k, h — k);

(2) Hilb(F) has dimension zero, Obs(W) = ExtL(#w, Ow), and the Zariski tangent
space of Hilb(F) at [W] has dimension min(k, h — k);

(3) Hilb(F) is smooth at [WW] if and only if W= F. O

Proof of Lemma A.2. We have a short sequence of A-modules:
0—>th’kA—>A—>tkA=I—>O,

where the second morphism is given by 1 t¥, so that I = A/t" *A as A-modules. Using
this isomorphism, a direct computation shows that dim¢ Hom, (I, A/I) =min(k, h — k).

Applying the functor Hom,(—, A/I) to the above sequence, and using the van-
ishing of Ext} (A, A/I), we get the exact sequence of A-modules:

0 —> Hom, (I, A/I) — Hom (A, A/I)
— Hom,(t" %A, A/I) — Ext! (I, A/T) — 0.

Similarly as before, observe that t"¥A = A/I as A-modules. Moreover, if 7: A — A/I
is the quotient map, it is easy to see that 7*:Hom,(A/I, A/I) - Hom,(A, A/I) is an

isomorphism of A-modules. Therefore

Hom(t" %A, A/I) ZHomu(A/I, A/I) = Homu(A, A/I),
and we obtain (1):

dimc Hom 4 (I, A/I) = dim¢ Ext, (I, A/I) =min(k, h — k).

The Hilbert scheme of F is supported on finitely many points, thus it has dimen-
sion zero. Recall that by [27, Definition I.2.6], the obstruction space Obs(W) is a subspace
of Ext}(ﬂw, Ow) = Extk([, A/I). Then (2) follows from (1) and [27, Theorems 1.2.8.1 and
1.2.8.4].

Finally, (3) follows from (2). |
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Lemma A.3. Let p: A— T be a finite morphism between smooth quasi-projective vari-
eties. Let F be a fiber of p, and WC F a reduced subscheme of length a. Let IT:
Hilb[“](A/ T)reqa— T be the natural morphism. Suppose that F has a unique nonreduced
point at z, and that z € Supp(W).

Then the Hilbert scheme Hilb[“](A/ T)rea is smooth at [W], and there exists a
neighborhood for the Euclidean topology U C Hilb[“](A/ T)req (respectively, U; C A) of [W]
(respectively, z) and an isomorphism ¢: U; U (of complex manifolds) such that the

diagram:

L
u, —— U
pUl\ /7[]
T

commutes. O

Proof. Recall that the Hilbert-Chow morphism Hilb”(4) -~ A@ := A%/S, maps a zero-
dimensional subscheme of length a of A to the associated effective 0-cycle of degree
a. Note that [W] is contained in the open subset of Hilb[“](A) where the Hilbert-Chow
morphism is an isomorphism, and that Hilb[“](A) is smooth at [W] since [W] is reduced.

Let VC T be an open neighborhood of p(z) for the Euclidean topology such
that p*(V)=U,U---UU,, U;NU;j=@if i # j, Uy C Ais an open neighborhood of z, py, :
U; — V is an isomorphism (of complex manifolds) for i > 2, and W N U; # ¢ if and only if
l1<i<a.

Let us consider the map f:U; — A® given by

f@ =z (pu,) " (P@), ..., (Du) " (P(2).

Then f is a holomorphic immersion. Moreover, for every zeU;, the points
z, (pw,) H(p(2), ..., (pu,) ' (p(2) € A are pairwise distinct, so that the composition of
f with the quotient map A*— A@ is still an immersion. This yields a holomorphic

immersion

(1 U; — Hilb9(4),

such that U:=L(U1)CHilb[a](A/T)red. Moreover, ¢ is injective, i(z)=[W], and

D, =y o 1. Our claim follows easily. u
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Proof of Theorem A.1. Let ¢ C P! be a line passing through z, and set F:=¢N 4, so

that F is a zero-dimensional subscheme of ¢ . {z} = Al. We have

-1 ([e]) = Hilb"“/(F);

in particular, 7 is a finite morphism, and dim Hilb[“](A/IP’m) <m.

Let [W] e Hilb[“](A/]Pm) be a point over [¢] € P™*. Applying Lemma A.2 to every con-
nected component of I7-1([¢]), we get (2) and (3), and also that dim¢c Homg( Sy, Ow) =
dim¢ Obs(W). Thus, by [27, Theorems 1.2.10.3 and I1.2.10.4], any irreducible component
of Hilb[“](A/IP’m) through [W] has dimension m, and IT is a local complete intersection
morphism. In particular, Hilb"“(A/P™) is a local complete intersection scheme, and /7 is
a flat finite morphism.

By (3), IT is étale over [¢] if and only if £ N A is reduced, that is, p, is étale over
[¢]. Therefore, Hilb[“](A/IF’m) is generically smooth over P. In particular, Hilb[“](A/IPm) is
generically reduced and hence reduced as it is a Cohen—-Macaulay scheme.

We proceed to show that the scheme Hilb[“](A/]P””) is irreducible. This follows
from the fact that since z is general, the monodromy group of the projection p,: A— P™
is the whole symmetric group Sg, see [10, Proposition 2.3].

Let U CP™ be a dense open subset such that p, and IT are étale over U. Set
Ay:=p; (U)C A and H,:=I1"'(U) =Hilb"W(4,/U). Since H, is dense in Hilb"“(A4/P™),
and Hp is smooth, we are reduced to show that Hj is connected.

Note that Hy is a closed subscheme of Hilb[“](Ao), and that every [W] in Hp is a
reduced subscheme of Ay, so that Hy is contained in the open subset of Hilb[“](Ao) where
the Hilbert-Chow morphism Hilb®(4,) — (40)@ is an isomorphism.

Let [M1] and [;] be two points in Hy that map to a given point in U. Since any
irreducible component of Hy maps onto U, it is enough to prove that there is a path in
Hj joining [W4] to [WA].

Let [WW] € (A4p)* mapping to [W]. Here, we are considering the natural map
(A9)* — (Ap)?, composed with the inverse of the Hilbert-Chow morphism. Since the
monodromy group of p, is the symmetric group Sg, there is a path y : [0, 1] — (A4p)¢ join-
ing [T14] to [3], such that the points in y(t) are distinct and contained in a fiber of p,, for
every t € [0, 1] . This yields a path joining [W;] to [W;] in Hy, and proves that Hilb™(4/P™)

is integral.
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Finally, suppose that m =1. We show that Hilb[“](A/IP’l) is a smooth curve of

genus

1 (d
g=1+—< )(a(d—a)—Z).
2 \a

Note that since the projection p,: A— P! is general, there are precisely d(d — 1)
nonreduced fibers, and every nonreduced fiber contains just one nonreduced point, with
multiplicity 2.

Let [W] € Hilb'“(A/P!) be a point over [¢] € PL. By (3), either IT is étale at [W], or

¢£N Ahas a double point, W is reduced, and contains this point in its support. Note that

d-2

there are exactly (§;

) such [W]'s, and that /T has ramification index 2 at any of these
points by Lemma A.3.

If IT is étale at [W], then Hilb[“](A/]P’l) is obviously smooth at [W]. Otherwise,
Hilb"“(A/P') is smooth at [W] by Lemma A.3. This shows that Hilb?(4/P!) is a smooth
curve.

By the Hurwitz formula, we have

29— 2=-2 (d) +dd-1) (d_2> = <d> (a(d—a) — 2).
a a—1 a

This completes the proof of the theorem. [ |

Remark A.4. The same proof shows that for every ze P™*! <\ A, the relative Hilbert
scheme Hilb[“](A/IPm) is a reduced local complete intersection scheme of dimension m,
and that the natural morphism I7 : Hilb'“(A/P™) — P™ is flat and finite of degree (%).
Moreover, (2) and (3) hold true. O

We need also a slightly more general version of the previous construction, as

follows. Let A C P™*! be a smooth hypersurface of degree d>1, and fixae {1,..., d}. Set
G:={ltle GA1,m + 1) | ¢ is not contained in A},
with its universal family U/ := {([¢], z) € G x P™*! | z< ¢}. Let us consider the intersection:
I:=UN(G x A).

The induced morphism 7 — G is finite and flat, of degree d; the fiber over a line [¢] is £ N A.
The relative Hilbert scheme Hilb'¥(Z/G) parameterizes pairs (¢, W), where £ C P! is a

line not contained in A, and W is a subscheme of length a of £ N A.
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Theorem A.5. The Hilbert scheme Hilb[“](I/g) is an integral scheme of dimension
2m. (]

Proof. The proof is very similar to that of Theorem A.1, and so we leave some details
to the reader. First, one shows that Hilb'“(Z /G) is a reduced local complete intersection
scheme of dimension 2m equipped with a finite flat morphism Hilb'“(Z/G) — G.

We remark that if ze P™*! is a general point, and P :={[¢] € G| z€ ¢}, then P =P™,
and the inverse image of P in Hilb'¥(Z/G) is the relative Hilbert scheme Hilb'¥(A4/P™)
of the projection p,: A— P™ from z Then, the same argument used in the proof of
Theorem A.1 shows that Hilb'¥(Z/G) is irreducible. This completes the proof of the

theorem. [ |

Proof of Theorem 1.11. Let X be as in Example 3.1, with n=m + 2. Then the statement

follows from Proposition 1.7, Theorem 1.8, and Theorem A.1. |
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