Bondal’s conjecture in dimension five

Stéphane Druel*  Jorge Vitério Pereiral ~ Brent Pym?

Frédéric Touzet?

June 2, 2026

Abstract

Bondal’s conjecture in Poisson geometry gives lower bounds on the
degeneracy loci of Poisson Fano manifolds, where the rank of the Poisson
structure drops. By work of several authors, it was previously known
to hold for Fano manifolds of dimension at most four. We give the first
proof of this conjecture for Fano manifolds of dimension five, and partial
results for Fano manifolds of all odd dimensions. The proof uses: (i)
an algebraic integrability criterion for codimension-one foliations on weak
Fano manifolds, extending a previous result of the first author; (ii) the
“modular residues” of Poisson structures introduced by Gualtieri and the
third author; and (iii) a cohomological constraint on invariant subvarieties
for Pfaff fields, extending earlier results of Esteves—Kleiman to the case
in which the Pfaff distribution on the subvariety admits a closed strongly
directed positive current.
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1 Introduction

Let X be a complex manifold and let ¢ be a holomorphic Poisson structure
on X, i.e. a global bivector field o € H (X, /\27S<) such that [o,0] = 0, where
[—, —] is the Schouten bracket. Recall that ¢ induces a singular foliation of X
by symplectic leaves. We denote by Dok (o) the degeneracy locus along which
the rank of ¢ is at most 2k, i.e. the union of the leaves of dimension at most 2k.
We recall that Dok (o) is the vanishing locus of the Pfaffian

O_k-‘rl c HO <X7 /\2/€+27;() ,

so that it naturally has the structure of a closed analytic subspace of X.

A guiding expectation, due to Bondal, is that when the curvature of X is
positive, the degeneracy loci are much larger than the classical formulae for
dimensions of skew-symmetric determinantal varieties would predict. Namely,
he conjectured the following.

Conjecture 1.1 ([3], Bondal 1993). Let X be a Fano manifold, and let o be a
Poisson structure on X. Then Doy (o) has an irreducible component of dimension
at least 2k + 1 for all integers k such that 0 < 2k < dim X.

The following cases of the conjecture are known.

1. For odd-dimensional manifolds, say dimX = 2n + 1, Polishchuk [14]
proved that Bondal’s conjecture is true for the “maximal” degeneracy
locus Dgy,—2(0).

2. Beauville [2] observed that Polishchuk’s argument applies more generally
to prove the conjecture for Do, _o(0), where 2r is the maximal rank of o,
independent of the dimension of X.

3. When dim X = 2n is even, the “maximal” degeneracy locus Dag,,_2(0) is the
vanishing locus of the anticanonical section ¢, and hence the conjecture
holds for Ds,_2(0) simply because the anticanonical bundle of a Fano
manifold is nontrivial. In [10], Gualtieri and the third author proved
that the conjecture also holds for the “submaximal” degeneracy locus
D2n—4(0)~

In particular, these results together imply that Bondal’s conjecture is true for
all Fano manifolds of dimension at most four.

Our main result in this paper establishes the conjecture for the submaximal
degeneracy locus of odd-dimensional Poisson Fano manifolds, and thus gives the
first proof of the conjecture when dim X = 5:

Theorem 1.2 (see Theorem 4.3). Let X be a Fano manifold of dimension 2n+1
with n > 1, and let o be a Poisson structure on X. Then Do,_4(c) has an
wrreducible component of dimension at least 2n — 3.

Corollary 1.3. Bondal’s conjecture holds for all Fano manifolds of dimension

five.



Let us give a brief overview of the argument. First, note that by case 2
above, we may assume without loss of generality that the generic rank of o is
equal to 2n. We then consider the holomorphic foliation F defined by saturating
the image of the contraction map induced by o (see Section 4.1); it agrees with
the symplectic foliation defined by o where the latter has maximal rank, but in
general, its leaves are unions of symplectic leaves of o.

There are two main situations to consider. The first is that the singular
locus of F has codimension at least three. In this situation, we prove that
the closure of a generic leaf is a Fano manifold of dimension 2n. Thus, in
this situation, Theorem 1.2 follows from case 3 above. In fact, we prove a
more general statement about codimension-one foliations with mild singularities
on weak Fano manifolds, similar to a result of the first author [5] for regular
foliations of arbitrary codimension:

Theorem 1.4 (see Theorem 2.5). Let X be a weak Fano manifold, and let
F be a codimension-one holomorphic foliation of X whose singular locus has
codimension at least three. Then F is the foliation defined by the fibres of a
morphism X — P with irreducible fibres.

The second situation to consider is that the singular locus of F has codi-
mension two (the maximal possible). In this situation, we treat several subcases
depending on the dimensions of various subvarieties of the singular locus of F,
using two main tools. The first tool is the theory of “modular residues” of Pois-
son structures, introduced by Gualtieri and the third author [10] to treat case 3
above; we recall the key aspects in Section 4.3. The second tool is an analogue of
Esteves—Kleiman’s work on Pfaff fields on schemes [9] in the setting of compact
Kaéhler manifolds; see Lemma 3.3, Proposition 3.4 and Proposition 4.1. The lat-
ter gives cohomological constraints on the existence of Poisson subvarieties with
sufficiently mild singularities. A typical statement of this type is the following,
which generalizes our result [7, Theorem 1.2] on compact symplectic leaves to
closures of symplectic leaves whose boundaries are not too big:

Proposition 1.5. Let X be a compact Kihler manifold, and let o be a holo-
morphic Poisson structure on X. Suppose that X contains closed subvarieties
S CY C X such that Y \'S is a symplectic leaf, and codim(S,Y) > 2. Then
hO,dimY(X) > 0.

More generally, we obtain a similar statement for smooth enough Poisson
subvarieties whose foliations support a strongly directed positive current. In the
context of the proof of Theorem 1.2, the latter are obtained using Weinstein’s
modular vector field.

1.1 Acknowledgements

The research described here was initiated at the workshop “Foliations, bira-
tional geometry and applications”, held at the Centre international de rencontres
mathématiques (CIRM) in February, 2025. We thank CIRM and the workshop



organizers for the stimulating event and environment. J.V.P. and S.D. acknowl-
edge support from the CAPES-COFECUB project Mal017/24, funded by the
French Ministry for Europe and Foreign Affairs, the French Ministry for Higher
Education and CAPES. J.V.P. was also supported by CNPq (PQ Scholarship
304690,/2023-6 and Projeto Universal 408687/2023-1 “Geometria das Equagoes
Diferenciais Algébricas”), and FAPERJ (Grant number E26/200.100/2026).
B.P. was supported by the Natural Sciences and Engineering Research Council
of Canada (NSERC), through Discovery Grant RGPIN-2020-05191. F.T. would
like to thank the Henri Lebesgue Center for constant support.

2 Foliations on weak Fano manifolds

In this section we review some basic facts about foliations and their intersection
numbers, and apply them to prove Theorem 1.4 from the introduction.

2.1 Foliations

Let X be a complex manifold. By a foliation F of dimension p on X, we
mean a saturated, involutive subsheaf 7 C Tx of rank p. Its codimension is
q =dim X — p.

The conormal sheaf of F is the annihilator N C Qf of Tx. We will
mainly be interested in the case ¢ = 1, in which case N is an invertible sheaf
(a line bundle). The normal sheaf of F is N := (N¥)V; by definition, it is
a torsion-free sheaf of rank q.

Let X° C X be the open set where Tr is a subbundle of 7x. The singular
locus of F is sing(F) := X\ X°. We say that F is regular if its singular locus
is empty.

2.2 Intersection numbers

Let F be a codimension-one foliation on a complex manifold X. Our aim in this
subsection is to give some constraints on the intersection number

NAmY oy / c1 (Ng)dimY

%
where Y C X is a compact subvariety, with a particular focus on the case in
which Y is a curve.

The intersection number will depend on whether the inclusion Y < X is
tangent to F, in the following sense.

Definition 2.1. A morphism ¢ : Y — X is tangent to F if the composition of
the natural maps

SN — 50— 0

is identically zero.



Recall that when F is regular, Nz carries a flat partial connection in the
direction of T# (the Bott connection), which implies that the class ¢ (N£)? €
H? (X, Q) lifts to an element of HY (X,det N¥). As observed by the first au-
thor in [6], this phenomenon persists for singular foliations whose singular locus
is sufficiently small, simply because the cohomology of locally free sheaves is
invariant under restriction to complements of closed subvarieties of sufficiently
high codimension. Namely, we have the following.

Lemma 2.2 ([6, Lemma 3.6]). Let X be a complex manifold and let F be a
holomorphic foliation of codimension q whose singular locus has codimension at
least ¢ + 2. Then c1(Nr)? € HI (X, Q) lies in the image of the natural map
H? (X, det N'3) — H? (X, Q%).

When applied to the case in which the codimension ¢ is equal to one, the
lemma immediately gives the following numerical constraints on curves tangent
to F:

Corollary 2.3. Let F be a codimension-one foliation on X whose singular locus
has codimension at least three, and let ¢ : C — X be a compact curve tangent to
F. Then ¢*c1(Nr) = 0 € H' (C,Q¢). In particular, we have the vanishing of
the intersection number

Nz-C=0
of C and Nx.

On the other hand, for rational curves that are not tangent to F, we have
the following:

Lemma 2.4. Let F be a codimension-one holomorphic foliation, and let ¢ :
C — X be a rational curve that is not tangent to F. Then we have

Nr-C>2.

Proof. By passing to the normalization of C, we may assume without loss of
generality that C is smooth. By assumption, the composition ¢* Ny — ¢*Q} —
Q¢ is nonzero. Dually, we have a nonzero map Tc — ¢*Nr, so the result follows
from the definition Nz - C := deg(¢*Nx) and the fact that deg(7c) = 2. O

2.3 Foliations on weak Fano varieties

Recall that a weak Fano manzifold is a complex projective manifold X whose
anticanonical class —Kx is big and nef. In [5], the first author showed that
regular foliations of arbitrary codimension on weak Fano manifolds are fibra-
tions, i.e. their generic leaves are the fibres of a morphism. In this subsection,
we show that the same conclusion holds for codimension-one foliations on weak
Fano manifolds whose singular locus has sufficiently high codimension, namely
we prove the following result (stated as Theorem 1.4 in the introduction).



Theorem 2.5. IfX is a weak Fano projective manifold and F is a codimension-
one foliation on X with codim sing(F) > 3, then F is defined by a morphism
f: X = P! with irreducible fibres.

We will construct the desired morphism by contracting suitable curves in
X. To this end, we require a preparatory lemma. Let Nj(X) be the R-vector
space of one-cycles in X modulo numerical equivalence, and recall that the Mori
cone NE(X) C Ni(X) is the set of non-negative linear combinations of classes
of reduced, irreducible, proper curves. The following fact about weak Fano
manifolds is standard; we include a proof for lack of a reference.

Lemma 2.6. If X is a weak Fano manifold, then NE(X) is generated by classes
of rational curves.

Proof. By Kodaira’s Lemma, there exists an effective Q-divisor E such that
—Kx — ¢F is ample for any ¢ € ]0,1]. If € is a small enough positive rational
number, then the pair (X, eFE) has kit singularities and —(Kx +¢FE) is ample. In
other words, (X,eF) is log Fano. The result now follows from the cone theorem
for kit pairs (see [13, Theorem 3.7]). O

Proof of Theorem 2.5. By Lemma 2.6, the Mori cone NE(X) is generated by
classes of rational curves. Let C C X be a rational curve. If C is tangent to F,
then Corollary 2.3 gives Nz - C = 0. If C is not tangent, then Lemma 2.4 gives
Nz-C> 2. Hence Nx-C > 0 for every rational curve C, and therefore for every
curve class in NE(X). Thus Nz is nef.

Since Nr is nef and — K is nef and big, for any positive integer a the divisor
aNr — Kx = aNr + (—Kx) is nef and big. By the base point free theorem [13,
Theorem 3.3], some multiple of Nz is globally generated. Hence there exists a
surjective morphism with connected fibres

f:X=Y
onto a normal projective variety Y, and an ample line bundle A on Y, such that
NE™ ~ f*A

for some integer m > 1. By the Baum-Bott residue theorem [1], the cohomol-
ogy class ¢1(NF)? is represented by a cycle supported on the codimension-two
components of sing(F). Since codim sing(F) > 3, there are no such components
and therefore

C1 (N]:)2 =0.

On the other hand, if dimY > 2 then, since A is ample, one has c;(A)? # 0,
and hence

a(NF) = o fer(A) £ 0,

a contradiction. Thus
dimY < 1.



Let w € H° (X, QA ® N].-) be a twisted 1-form defining F. Let F be a general
fibre of f. By adjunction, K¢ = Kx|r, and hence —Kr = (—Kx)|r is nef. Since
— K is big, its restriction to a general fibre is big as well, so — K is nef and big.
In other words, F is a weak Fano variety. Notice that the line bundle Nz|f is
torsion since NV j‘_?m ~ f*A. This implies Nx|r ~ O since weak Fano manifolds
are simply connected by [15]. Moreover w|r = 0 € H® (F,Q}), and F is tangent
to F. As a consequence, dimF < dimX — 1, so dim¥Y > 1. Combining this
with dimY < 1, we see that Y is a normal projective curve, hence smooth. This
shows that F is defined by the morphism f: X — Y.

Because f has connected fibres, the pull-back map H! (Y, Oy) — H! (X, Ox)
is injective, hence h'(Y,Oy) = 0 and therefore Y ~ PL.

Finally, we note that since the fibres of f are tangent to F, their singular loci
are contained in sing(F). Since codim sing(F) > 3, the fibres must therefore be
irreducible. U

3 Pfaff fields on compact Kahler manifolds

In this section, we discuss an analogue, for compact Kahler manifolds, of some
of Esteves—Kleiman’s work [9] on Pfaff fields on algebraic varieties.

3.1 Pfaff fields

Let X be a complex manifold and let p be an integer such that 0 < p < dim X.
Following Esteves—Kleiman [9], a Pfaff field of degree p on X is a pair (£, )
where L is an invertible sheaf, and

n: Q% =L

is an Ox-linear map. Equivalently, since X is assumed smooth, we may view 7
as a section

n€H (X, APTx @ L) 2 HO (X, QP @ wy ® L)

where wx denotes the canonical line bundle of X and n = dim X. Note that
defines a distribution
kern C Tx

as the set of vectors v € Tx such that n Av = 0. The singular locus of n
is the closed analytic subspace whose defining ideal is the image of the natural
map Q @ LY — Ox induced by 7.

An analytic subspace Y C X is n-invariant if the natural map nly : Q¢ |y —
L|y factors through the quotient Q% |y — QF, i.e. we have a (necessarily unique)
dashed arrow ny filling in the following commutative diagram:

Q’;LL

I



3.2 The cohomological constraint of Esteves—Kleiman

The key notion here is that of a closed strongly directed positive current. This
is a slight generalization of [8, Section 3].

Definition 3.1. Let X be a complex manifold of dimension n, and let a €
HO (X, Qf ® L) be a twisted g-form. We say that a closed positive current T of
bidegree (g, q) on X is strongly directed (by «) if one can locally write

2

T=w-1)"awnw,

where a is a positive locally finite Borel measure and w is a local generator of
a(LY) C Qf on some open analytic subset U of X.

Let Z be the zero locus of a. Note that 9(aw) = 0 on U\ Z since T is closed
by assumption. We will need the following observation.

Lemma 3.2. We have 9(a@) =0 on U.

Proof. The statement is local on U, so we may shrink U and assume that U = D"
is a polydisk, with coordinates (z1,...,2,). Set p :=n — ¢ and let 5 be a (p, q)-
form on U, which we write as

n:Zf]JdZ]/\dZ]

I,J

1/2
for some C'* functions fr;. Let ||n]| = (ZIIIIP-,\JIZQ |fU|2) be the pointwise

norm of 7.
We likewise write

w= g wrdzg,

IT1=q
so that
1/2
lwll = (Z w1|2> = [@].
I
We may also assume without loss of generality that a(Z N'U) = 0 since

aw = Xuy\zaw.
Let ¢, € C°(R) for € > 0 be a collection of bump functions that are equal
to one in a neighbourhood of zero and such that supp(y.) C [—¢,¢]. By [12,
Lemma 2.2] (attributed there to Bochner), we can assume further that there is
a constant C' > 0 such that
c

lotlloo < - and el <0 (1)

for all e > 0.



Let @.: U — R be defined by ®. = p.(||w]|), so that ®. € C°°(U). Let 3 be
a compactly supported (n,p — 1)-form on U. Then

(9(am), B)

(0(aw), ®<B) B since supp(d(aw)) € ZNU
(—1) aw, (09.) A B+ ®.00).

Notice that
a(supp(®:)) — a(ZNU) =0

by construction, and that
I A 9% A Bl = 0(1)
by (1). This immediately implies

(9(aw), ) = 0,
proving the lemma. O
The following result extends [8, Lemma 3.11] to our current setting.

Lemma 3.3. Let X be a compact Kdhler manifold of dimension n, and let
a € HY (X, Q% @ L) be a twisted g-form. Let n: Q% — wx @ L be the Pfaff field
induced by o, where p :=n — q. Let X° be an open subset whose complement
in X is a closed analytic subset S of codimension at least ¢ + 2. Suppose that
there exists a nonzero closed positive current T° on X° strongly directed by a|xe .
Then the map

H? () : H? (X, Q%) — HP (X,wx ® L)

1S nonzero.

Proof. By Lemma 3.2 above, the closed current 7 can be viewed as an LY |xo-
valued 0-closed current of degree (0, ¢) on X°, giving a class

c® = [T°] € HI(X°, LV |xo).
Moreover, the restriction morphism
H (X7‘Cv) — H? (Xoaﬁv|x0)

is an isomorphism since codimx S > ¢ + 2 by assumption (see [4, Chapter 2]).
Let ¢ € H? (X, LY) be the class mapping to c°.

Since codimx S > ¢ + 1, Harvey’s removable singularities theorem [11, The-
orem 6] applies to show that T° extends to a closed positive current T on X.
Let [T] € HY (X, ) denote the class of the closed current 7. By construction,
[T] is the image of ¢ under the map

H (X, L£Y) — H? (X, Q%) ,

where £Y — Qf is the morphism induced by a.



Finally, choose a Kéhler form v on X. The image of H? () (v?) ® ¢ under
the natural map

H? (X, wx ® £) @ H (X, £Y) — H™ (X, wx)

is [vP] A[T]. On the other hand, since T is a nonzero positive current of bidegree
(¢,q), we have
(T;47) >0,

so that [y?] A [T'] # 0. This immediately implies that H? () (v?) # 0, proving
the lemma. 0

The following result is an analogue, for compact Kéhler manifolds, of [9,
Proposition 3.3].

Proposition 3.4. Let X be a compact Kdhler manifold of dimension n, and let
n: QB — L
be a Pfaff field. Let S CY C X be closed subvarieties such that:
1. Y is an n-invariant irreducible subvariety of dimension p,
2. S has dimension at most p — 2,
3. Y° :=Y\S is smooth,
4. the restriction of n to Y° is nowhere vanishing.

Then the map

H (1) - HP (X, %) — H7 (X, L)
18 monzero.
Proof. Set X°:=X\S and ¢ :=n —p, and let & € HY (X, Q% @ w¥ ® L) be the
twisted g-form induced by 7. The current of integration along Y° is a closed
positive current on X°, which is strongly directed by «|xo since the restriction of

7 to Y° is nowhere vanishing by assumption. The statement then follows from
Lemma 3.3. O

4 Degeneracy loci of Poisson structures

4.1 Poisson structures

We recall a few basic notions from holomorphic Poisson geometry, mostly fol-
lowing [10, §2-§7].

Let X be a complex manifold and let ¢ € H° (X, /\27S<) be a holomorphic
Poisson structure, i.e. [o,0] = 0. We denote by

ot Qf — Tx

10



the morphism defined by contraction with o. The image o¥(Q%) C Tx is invo-
lutive. Its saturation is a subsheaf

Fo C X,

defining a foliation that agrees with the symplectic foliation of ¢ on the open
dense set where the latter has maximal rank. Note, however, that the leaves of
F, are, in general, unions of symplectic leaves of o.

A Poisson subscheme is a subscheme Y C X to which o is tangent. Equiv-
alently, it is preserved by all vector fields of the form tqro for f € Ox (the
Hamiltonian vector fields). It is called a strong Poisson subscheme [10,
Def. 4] if it is preserved by all germs of vector fields £ such that Zzo = 0 (the
Poisson vector fields, which include the Hamiltonian vector fields).

For k > 0, the 2kth degeneracy locus of o is the set

Dak(0) := {z € X| rank(o?) < 2k},
equipped with its natural scheme structure as the zero locus of
O_k,—',—l c HO <X7/\2k+27;() )

It is a strong Poisson subscheme of X by [10, Prop. 6].
If Y ¢ X is a Poisson subscheme on which ¢ has maximal rank 2k, the
Poisson singular locus of (Y, o) is the union

sing(Y, o) :=sing(Y) U (D2g—2(c) NY)

of the singular locus of Y, and the locus where the rank of o|y drops below its
maximal value. If Y is a strong Poisson subscheme, so is sing(Y, o).

4.2 Hodge numbers and leaf closures

Let X be a compact Kéhler manifold and let ¢ be a holomorphic Poisson struc-
ture. By an algebraic symplectic leaf we mean a symplectic leaf of o whose
closure is an irreducible closed subvariety of the same dimension (i.e. a symplec-
tic leaf whose Zariski closure has the same dimension). Note that the closure of
an algebraic symplectic leaf of dimension 2k is an invariant subvariety for the
Pfaff field o*, to which we may apply Proposition 3.4. More generally, we may
consider Poisson subvarieties whose singularities are sufficiently mild and whose
foliations support strongly directed positive currents. We deduce that the ex-
istence of such subvarieties with sufficiently mild singularities puts a constraint
on the Hodge numbers:

Proposition 4.1. Let (X,0) be a compact Kdhler Poisson manifold. Suppose
that X contains a closed Poisson subvariety Y C X with the following properties:

1. o|y generically has rank 2k,

2. dim(sing(Y,oly)) < 2k — 2, and

11



3. the induced symplectic foliation on Y\sing(Y,o|y) supports a closed strongly
directed positive current (which is automatic if dimY = 2k, i.e. Y is the
closure of an algebraic symplectic leaf).

Then h%2k(X) > 0.

Proof. Set S = sing(Y,oly), X° := X\ S, and Y° := Y\ S. Write F° for the
symplectic foliation of oly. on Y°, and let

p =2k, r:=dimY — p,

so that r is the codimension of F° in Y°.
By hypothesis (3), there exists a closed positive current T° on Y° strongly
directed by a twisted r-form a° defining F°; locally on Y°,

2

T° =a(vV-1)" a® Aa®, (2)

where a is a positive locally finite Borel measure. In particular, T° has bidi-
mension (p,p) on Y°.
Let ©° denote the pushforward of T° along the inclusion Y° «— X°:

(©°%,¢) = (T, ¢lve)

for any compactly supported smooth test form ¢ of bidegree (p,p) on X°. Then
©° is a closed positive current on X°, supported on Y°, of bidimension (p,p)
(equivalently, of bidegree (n—p,n—p)). The local expression (2) pushes forward
to the local expression of ©° as a positive measure multiple of w Aw, where w is
the local generator of £V C Q3. ? induced by oF; hence ©° is strongly directed
by o.

Since codimy S > (n —p) + 2 by hypothesis (2), Lemma 3.3 applies and gives
hO:2F(X) > 0. O

4.3 Modular residues

In [10, §4.3], Gualtieri and the third author introduced the modular residues

Resznod(o‘) (S HO <D2k(0)a %DZICI:E;)> s

for £ > 0, where &VD'%(U) =
Dok (o). These residues can be defined locally as follows. For a local trivializa-
tion p € wy over some open set U C X, recall that the modular vector field

of o with respect to u is the vector field Z determined uniquely by the formula

(Q'D%((T))v is the sheaf of multiderivations on

tzp = —d(tep).
Then the kth modular residue is given by the formula

’L.*ReSglOd(O-|U) = (Z A O'k)|D2k(o')ﬂU7

12



where
i* N %D.gk(o') — /\.7;<|D2k(0')

is the pushforward of multiderivations along the inclusion i : Dok (c) — X.

One of the primary uses of the modular residues is the following lemma; it
is a special case of [10, Lemma 16|, in which the ample Poisson module is the
anticanonical bundle.

Lemma 4.2 ([10, Lemma 16]). Let (X,0) be a Poisson Fano manifold, let k be
a positive integer and let Y be an irreducible, closed, strong Poisson subscheme
of Doy (o) with the following properties:

1.'Y is not contained in Dog_o(c), and

2. Y is contained in the vanishing locus of

i*ReS?Od(U) < HO (ng(O'), /\2k+17;(|D2k(a)) .

Then the Poisson singular locus sing(Y, ol|y) is non-empty and has a component
of dimension at least 2k — 1.

4.4 Submaximal degeneracy loci on odd-dimensional Fanos

We now combine the results of the previous sections to establish our main the-
orem (stated as Theorem 1.2 in the introduction):

Theorem 4.3. Let X be a Fano manifold of dimension 2k + 1 for some k > 1,
and let o be a Poisson structure on X of mazimal rank 2k. Then Dog_4(0) has
an irreducible component of dimension at least 2k — 3.

Proof. Let F = F, be the saturated foliation defined by o. Note that we have
codim(sing(F)) > 2.

If codim(sing(F)) > 3, then by Theorem 2.5, F is the relative tangent sheaf
of a morphism f : X — P!. A general fibre F is then a Poisson subvariety
of codimension one. By the adjunction formula, F is a Fano manifold of even
dimension, and hence the result follows from [10, Theorem 27].

It remains to treat the case in which sing(F) has an irreducible component Y
of codimension two in X (i.e. dimY = 2k — 1), which we equip with the reduced
scheme structure. Let S := sing(Y, o|v) be its Poisson singular locus. Note that
S and Y are strong Poisson subvarieties of Dag_2(0), and dimS < 2k — 2. We
treat several cases according to the dimension of S.

Suppose first that dim S = 2k — 3. Then o|s must have rank at most 2k — 4.
Hence S C Dog_4(0) and the result follows.

Next, suppose that dim S = 2k — 2, and let Z be an irreducible component of
S of dimension 2k — 2. If the generic rank of ¢ along Z is less than 2k — 2, then
Z C Dog—4(0) and the result follows. Otherwise, Z is the closure of an algebraic
symplectic leaf of dimension 2k — 2. Since X is Fano, we have h%2F=2(X) = 0.
Hence by Proposition 4.1, the Poisson singular locus of Z has dimension at least
2k — 3, so it must be contained in Doy_4(0), and again, the result follows.
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We claim that the cases examined above are the only ones possible, i.e. that
the situation dim S < 2k — 4 cannot occur.

Indeed, assume by contradiction that dimS < 2k — 4. Then Y° := Y \ S is
smooth of dimension 2k — 1 and oly- is regular of rank 2k —2, i.e. the symplectic
foliation of Y© is regular of codimension one. Let p := Resi{(c)|ys be the
restriction of the modular residue to Y°; it is a section of the anticanonical line
bundle of Y°.

We first show that the vanishing locus of p is nonempty. Suppose, on the
contrary, that p never vanishes. Then p~! is a nonvanishing holomorphic volume
form on Y°, and the contraction a := t,x-1p~ ' is a nonvanishing holomorphic
one-form defining the symplectic foliation of Y°. We claim that « is closed.

To see this, let Z be the modular vector field of o|yo with respect to p~!.

Since p = Res°d(0)|y- is nowhere vanishing, the projection of Z to the normal
bundle of the symplectic foliation is nowhere zero; hence Hamiltonian vector
fields together with Z span Ty.. Moreover, a vanishes on Hamiltonian vector
fields and «(Z) is a nonzero constant. To verify that da = 0 it is enough to

consider the formula
da(X,Y) = X(a(Y)) — Y(a(X)) — o([X,Y]),

when X,Y are both Hamiltonian, or when X is Hamiltonian and Y = Z. Ei-
ther way, the first two terms vanish because the functions «(X) and «a(Y") are
constant, and the third term vanishes because [X,Y] is Hamiltonian (being the
bracket of a Hamiltonian and a Poisson vector field). Thus da = 0, as claimed.
The product v/—1a A @ therefore defines a closed strongly directed positive
current of bidegree (1,1) on Y°, and Proposition 4.1 gives h%2¥=2(X) > 0, con-
tradicting the assumption that X is Fano.

Hence the vanishing locus of p is nonempty. Set 5 = Resj™°{(o)|y. By [10,
Prop. 7.5 and Lemma 3.4], the scheme-theoretic vanishing locus of p and each of
its reduced irreducible components are strong Poisson subschemes of Dog_2(0).
By assumption, one can choose such a component W so that WNY®° # (. Note
that W =Y when p vanishes identically and W has dimension 2k — 2 otherwise.
In both cases, the singular Poisson locus sing(W, o|w), which is a strong Poisson
subscheme, is contained in S. Applying Lemma 4.2 to W yields a component of
S of dimension at least 2k — 3, thus obtaining the sought contradiction. O
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